ME 233 Advanced Control |l

Lecture 8
Discrete Time
Linear Quadratic Gaussian (LQG)
Optimal Control

(ME233 Class Notes pp.LQG1-LQG7)
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A Stochastic optimization
A Finite horizon LQG

| State feedback optimal LQG control
I Output feedback optimal LQG control



Stochastic Control
Linear system contaminated by noise:

By

+
U X + Y%

—| B —>O—> (Z|-A)_1 »| C —>O—>

Two random disturbances:

A Input noise wW(k) - contaminates the state X(k)

A Measurement noise V(k) - contaminates the
output y(K)



Stochastic state model

z(k+1) = Axz(k)+ Bu(k) + Bww(k)

y(k) Cx(k) + v(k)

W here:
A y(k) available output

A u(k) control input
A w(k) Gaussian, uncorrelated, zero mean, input noise

A ’U(k) Gaussian, uncorrelated, zero mean, meas. noise

A $(O) Gaussian initial state



Assumptions (same as for KF)

A Initial conditions:

E{z(0)} = zo E{3°(0)i° (0)} = X,

A Noise properties:

E{w(k)} =0
E{v(k)} =0

E{w(k + Dw!(k)} = W(k)5()
E{v(k+ Dol (k)} =V (k) ()
E{w(k+ Dvl(k)} =0

E{z°(0)w! ()} =0

\

~/

Zero-mean
Gaussian
uncorrelated
noises

E{z°(0)v!(k)} =0



Some notation- control and measurements

The control sequence from Kk to N-1

U, = (u(k), w(k+ 1), -, u(N — 1))

The optimal control sequence from k to N-1

Ug = (uO(k), w(k +1), -, u?(N — 1))

The output measurements up to_k

Y, = (4(0), y(1), ..., y(¥))



Finite-horizon LQG

For N > 0O, find the optimal control sequence:

Ug = (u°(0), u(1), -+, u’(N — 1))

W hich minimizes the cost functional:

J=F { T (N)Qy x(N) + z ([ﬁ’;g oy

S| |x(k)
u(k)
where u°(k) canonly be based on the observations

Y, = (y(0), y(1), ..., y(k))



Separation Principle
Main Theorem:

The optimal control is given by:

wo(k) = —K(k + 1) 7(k)

Where:

AThe feedback gain K(k) is obtained from the
deterministic LQR solution.

AThe state estimate Z(k) is the a-posterior
Kalman Filter state estimate.




Separation Principle
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Separation Principle Proof

The proof of the separation principle is conducted
In two steps:

1. Solve the LQG problem under the assumption
that the state vector x(k) IS measurable

2. Solve the LQG problem and show that the
optimal solution is obtained by replacing z(k)
by the a-posteriori state estimate (k)
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Finite-horizon state feedback LQG

This problem is similar to the standard
deterministicfintech or i zon L QRE€

x(k+1) = Ax(k)+ Bu(k) + By w(k)

é e X ¢ dhptthere is an additionalinputn o1 s e é

é¢and thewu(k)ntrol
function of

x(0), ..., x(k)



Functionality constraint on control

A The control u(k)is only allowed to be a
functionofx ( 0) , é, x ( k)

A We write this constraint as
u(k) € u(k)

A We write the constraints ©(k) € u(k)
fork = m, € asN

Un € Um
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JO =

Finite-horizon state feedback LQG

We want to solve using dynamic programming:

S [m(k)
u(k)

UoeU o ST

min E{ T (N)Q, (V) + Z ([‘ZE’B
Need 2 preliminary results:

1. Functional optimization

2. Stochastic Bellman equation

)
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Functional optimization

Lemma 1;

Let X be arandom vector and let ¥ € ¥ denote
the constraint that u I1s a function of X

Also assume that there exists u°(x) such that

m&n flz,u) = f(x,u’(x)), Vo

Then min £ {/(X, u)} = E {min f(X,u) }
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Functional optimization

min £ {f(X,u)} = £ {min /(X, u) }

Proof is in 2 parts:

L. minE{f(X,u)} < E{mgnf(X, u)}

ucuy

2. minFE{f(X,u)} > E{mgnf(X, u)}

ucuy



min B {f(X,u)} < E {mgnf(X, U)}
ue

uis a function of X

Proof:
Let u°(X) minimize f(x,u)
mgnf(aﬁ,u)=f( u’(x)), Va
= min f(X,u) = f(X,u’(X))

FE{f(X,u°(X))}
min £ {f(X,u)}

ucu

|=:>E{m1anu}

\‘ |\/

Because U € Uu



min B {f(X,u)} > E {mgnf(X, U)}
ue

uis a function of X
Proof:

Alet u € u
= min f(z,u) < f(z,u(z)), Vo

= min f(X,u) < f(X, (X))

=5 {min f(X,u) } < B{f(X,0(X))}

This holds, regardless of hou € u was chosen

AMinimizing the right-hand side over © € u
completes the proof



Definitions

A Terminal cost
Ly[z(N)] = 2" (N)Qsx(N)

A Stage cost (transient cost)

= (] & 32

A Optimal cost to go
Jir = E{Ls[z(N)]}
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Stochastic Bellman equation

Lemma 2:
Iif u(k) € u(k) for k=0,....,m—1
Then
Jo= min (B{Lf(m),u(m)]} +J5




Jo = u(mr;flei&m) (E{L[x(m),u(m)]} + J

Proof: (m=N-1case is trivial and thus omitted)
Jm_Ufélll}mE{ —I—ZL }

'\ ’7\1

min min (E{L[a:(m), (m)]}—FE{Lf[:U(N)H— Z L[a:(k),u(k)]})

w(m)eu(m) Ums1 €U ma1

T~

min (E{L[:U(m),u(m)]} + min F {Lf[aj(N)] + z_: Llx(k), u(k)]

u(m)eu(m)
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Finite-horizon state feedback LQG

Theorem 1:

a) The optimal control is given by

uwl(k) = —K(k+ 1) z(k)
K(k+1) = [BTP(k +1)B+ R} M BTP(k 4+ 1)A + ST
P(k—1)=ATP(k)A+Q

—[ATP(k)B + S][BYP(K)B + R [BTP(k)A + ST]
P(N) = Q;

Standarddeterministic LQR solutidn
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Finite-horizon state feedback LQG

Theorem 1:
b) The optimal cost J°is given by

JO = zl'P(0)x, + trace [P(0) X,] + b(0)

o = E{x(0)} X, = E{z°(0)z° (0)}

b(k) = b(k 4+ 1) + trace [B,LTUP(k + 1)BwW(k)}
b(N) =0




23

Finite-horizon state feedback LQG

Theorem 1:
b) The optimal cost is given by

J° = 2l P(0)x, + trace [P(0)X,] + b(0)

b(k) is a dynamic function of the noise intensi
b(k) is computed backwards in time wit{N) = O
b(k) = b(k + 1) + trace [BZ;P(]C + 1)BwW(k)}

% This term reflects thdetrimental effect ofi(k) onthecost
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Finite-horizon state feedback LQG

Theorem 1:
b) The optimal cost is given by

Jo =

' P(0)x,

_|_

trace [P(0)X,]

H6(0)

Deterministic LOQR

cost associated
with mean of x(0)

Detrimental effect of
randomness of x(0)
on the cost

Detrimental effect
of w(0) , (k)
on the cost
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Finite-horizon state feedback LQG

Proof consists of 2 steps:

1. Prove Jo = E{z!'(m)P(m)x(m)} + b(m)
and u°(k) = —K(k + 1)x(k) using induction
on decreasing m, Lemma 1, and the stochastic
Bellman equation (Lemma 2)

2. Prove
E{z1(0) P(0)z(0)} = z{ P(0)zo+trace[P(0) X(]

ro = E{z(0)}
Xo = E{(z(0) — z0)(z(0) — o)’}



Proof of Theorem 1: J;, and u°(m)

Start with base case: m=N

J2, = E{Ls[z(N)]}
— B{aT(N)Qsa(N)} 70

(
P(N) b(N)

— E{zT(N)P(N)z(N)} + b(N)
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Proof of Theorem 1: J;, and u°(m)

Form=0, 1-1:é, N
(We use induction on decreasing m)

By the induction hypothesis,

Jo .1 =FE{zt(m+1)P(m+ Dxz(m+ 1)} + b(m + 1)
(Az(m) + Bu(m)) + By,w(m)

Jo1=FE {(A:z:(m) + Bu(m))Tp(m + 1)(Az(m) + Bu(m))} <« Term1

+2F { (Az(m) + Bu(m))TP(m + 1)wa(m)} <€ Term 2

+E {w? (m)BLP(m + 1)B,w(m)} +b(m + 1) <€ Term 3
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Proof of Theorem 1: J;, and u°(m)

28 { (Az(m) + Bu(m))" P(m + 1) Byw(m) | < Term 2

Since x(m) and u(m) only depend on quantities
that are independent from w(m)

AX(m) + Bu(m) is independent from w(m)

2K { (Az(m) + Bu(m))TP(m + 1)wa(m)} 0

=2F { (Az(m) + Bu(m))T} Pim+1)B,E m)}

=0



E{w

Proof of Theorem 1: J;, and u°(m)

m)BLP(m + 1)Byw(m)} +b(m+1) <

Term 3

29



