ME 233 Advanced Control Il

Lecture 6
Least Squares Estimation

(ME233 Class Notes pp. LS1-LS5)



Notation

Let X and Y be continuous random vectors with
joint PDF pXY(a:, y)

Let x and y be respectively outcomes of Xand Y

and
re R, CR" yeRyCR™Y



Marginal Expectation (review)

Let X and Y be continuous random vectors with
joint PDF pXY(a:, y)

Marginal Expectation (mean) of X

m, = E{X}

— / / :z:pXY(:c,y)dyd:E
x J Ry
\ V)
Y
pr(ZC)




Marginal Expectation (review)

Let X and Y be continuous random variables with
joint PDF pXY(x, y)

Marginal Expectation (mean) of X

my=E{X} = [ api(@)dz
= 7

new notation
(following the ME233 class notes)



Marginal Expectation

L is the minimum least squares
marginal estimator of X, I.e.

* For any deterministic vector 2

E{||X — z||?} < E{||X — 2|*}

\

Euclidean norm



Marginal Expectation

E{||X — z||?} < E{||X — 2|?}

Proof:

E{|X —2|I°} = B{|(X - &) — (= — &) ||*}

= EB{|X — 2%+ |z — 2% - 2(z — ) T(X — &)}

0
= B{|X = 2°} + [|lz — 2||° - 2(z — &) E{>=T7}

> E{|IX - ||°} _



Conditional Expectation (review)

Let X and Y be continuous random vectors with
joint PDF Py (,y)

Conditional Expectation (conditional mean)
of X given and outcome Y =y

™m

= B{X|Y =y}

Xy



Conditional Expectation (review)

Conditional Expectation (conditional mean)
of X given and outcome Y =y

My, = /R pr|y(x)d:v

pXY(a:‘,y) .
/xm( py(y) )d

P

7 | new notation
Y (following the ME233 class notes)



Conditional Expectation Z|,

Notice that the conditional expectation fzj\|y

iy / prY(aj’y)dx
T py(?J)

can be interpreted as a function of the random variable Y.

N Y
Xy / meY(w’ )dm

pY(Y)
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Conditional Expectation X |y

Lemma:

For any function f () of the random vector Y, with
the appropriate dimensions

E{f(Y) X} = E{f(Y)X]|y}

we can replace X by its conditional expectation _X ‘ %
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PaS

Marginal Expectation x

E{f(Y) X} = E{f(Y)X]|y}

Proof:
First examine the left-hand side:

BXY= [ [ f@wpy, (2 y)dedy

/

= J o F@7px, @y W dy

= Jn, f(y) URm pr’y(x)d:rz} Py (y)dy
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PaS

Marginal Expectation x

E{f(Y) X} = E{f(Y)X]|y}

Proof:
First examine the left-hand side:

BUOX) = [ 1) |[, #py, ()

\ J
Y

zly

Py (y)dy

E{f(Y)X} =/R fwz|, py (y)dy

Y



PaS

Marginal Expectation x

E{f(Y) X} = E{f(Y)X]|y}

Proof:

Now examine the right-hand side:

E{f(Y)X]|y} =fR /R fW)z|, pxy (z,y)dz dy

%_J

Not a function of x

BUMXIy}= [, S0, | [, pry (@ y)de| dy

py (y) ©

13



PaS

Marginal Expectation x

E{f(Y) X} = E{f(Y)X]|y}

Proof:

Therefore,
BU()XY = [ f@)El,py (v)dy

= E{f(Y)Xy}



Conditional Expectation X |y
Theorem:

X‘Y is the least squares minimum estimator of X
given Y, i.e.

E{IX — X|y|I?} < E{||IX — f(M|*}

for all functions f(-) of Y of appropriate dimensions

X% =x"x

15
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Marginal Expectation

E{[|X — X|yll*} < E{|IX — f(Y)|I*}

Proof:

E{|X — f(M|I?} = E{I(X — X|y) — (f(Y) = XY)II*}

— 5 {jx- %y

—2(f(Y) - X

o ron - Xy

T (X =Xy}

= B{|x - 2"} + B{|r0n - 21v|}
—2B{(f(Y) - RIVTX} + 2E{(f (V) — X)Xy}
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Marginal Expectation

E{[|X — X|yll*} < E{|IX — f(Y)|I*}

Proof:
Define g(Y) := (f(Y) — X|y)7

E{IX - sNI2} = B{|x - 2 [} + B {|r) - 2 [}
—_QE{Q(Y)X}W V

Since |[|f/(Y) = X|y|> >0 for all outcomes,
E{||f(Y) - X|y|?} >0
= EB{|X - f(M)]*} > E{|X — X|y|*} B



Conditional Expectation for Gaussians

(review)
X ~ N | |[Tx Nxx Nxy
When |y my | | Ayx Ayy
X|y ™~ N(‘%ya /\X|yX|y)
where
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Conditional Mean for Gaussians

Wh XNN(mX, Ny x AXY)
e _Y_ Ty _/\YX /\YY_

P

Xly =24+ Ay A2 (Y = 3)

- 0
F4+ Ay A LBy =T)

X

E{X|y}
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Conditional Mean for Gaussians

X ~ N | |[Tx Nyx Nxy
When |y My, A A

YWY X YY |
Xly=X - @+ Ny ALy — )
=X ANy — D)
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Conditional Mean for Gaussians

When

)

NN(mX | Ny x AXY)
Ty _/\YX /\YY_

~ . ~ _1.-..-
Xy =X — Ny N\ Y

E{Xl|y} —M Ay N VF/PY}

=0



22

Least Squares Estimation: Property 1

 The conditional estimation error X|Y and Y
are uncorrelated

E{X|Y?T}:O
- X| and )”(Y are orthogonal

E{X|YX|Y} =0 and E{X|YX|Y} =0



Least Squares Estimation: Property 1

E{X|Y?T} — O
Proof

E{XyV"'} = BE{(X = Ay A ;Y)Y
= B{XY"'} = AW AJSE{YY !}

_ —1
= Nxy — AXY/\YY/\YY
=0

23
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Least Squares Estimation: Property 1
Proof
o vl — Y -~ —1\T1T
EAX )y Xy} = E{X|y (Z + A AL YD)}
0 0
= U + BTN,

=0
_



Least Squares Estimation: Property 1

Proof

B{X X

}—O

T _ oT ¢
Xy Xy = Ky Xp)' = XXy

;

scalar

= trace(X|YX|Y)

— trace(X,YXg/)

= B{Xy Xy} = E{trace(Xy Xy}

Why does trace
commute with
expectation?

= trace(E{X|y X
— trace(0) =0

oH



Deterministic interpretation of
Property 1

26
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Recursive LS Estimation
Let X, Y and Z be jointly Gaussian R.V.s

X mx Nxx Nxy Nxz
Y| ~N||my |, [Nyx Nyy Nyy
4 my | [ Ngx Ngy Ngyl
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Recursive LS Estimation

1. Assume that we already know of outcome Y =y

and we have obtained




Recursive LS Estimation

1. Assume that we already know of outcome Y =y

and we have obtained &) =2+ Ay, AL (v —9)

2. Now we also know the outcome Z =z

How do we efficiently compute

B,.=FBE{X|Y =y, Z=2} 2




Non-Recursive LS Estimation

1)  Definethe vector 5, _ )Z/ 7 —

2)  Compute Ty = EAX|Y =y, Z =z}

P

T, =T+ Ny A WW (w — w)\

: |

Inverse of an (p+M) x (p+M) matrix p

Q) W)

30
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Least Squares Estimation: Property 2

Assume that A, = E{ZY!T} =0

Then,
Ryz =Xy +(Zy) ,
— L —1
where

Xy =2+ AXY/\;%(Y ),

(Xiy),, = NN, 2 (Z = 2)

_ ~1
A = Nxx /\XY/\yy/\YX



Deterministic interpretation of Property 2

Z “ X

32
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Least Squares Estimation: Property 2

(X|Y)|Z = N, N2 (Z - 2)

Proof:

. _ 50 _ ~
(X|Y)|Z = E{&%T+ /\XWZ/\ZZ1 (Z — 2)

A £z = E{X,Z"} = E{|X - Ay A Y| 2T

0
s 5T -1 ~ ~
= B{XZT} — Ny A LEEFZT)
' because Z and Y .

/\ X7 are uncorrelated



Least Squares Estim

ation: Property 2

X|YZ — X|Y B

) (X\Y)\Z

yd L \'Z'
e8] B

X|YZ :? T Nyy /\;; y‘l'(\xz /\221 %
X |: (XIY)TZ

34



35

Least Squares Estimation: Property 2

A. . =A_. . —ANIA
XyzX|yz Xy Xy X2 77" 4X
Proof: 1
/\X|YZX|YZ = Nyx — /\XW/\WW/\WX
TSN
AL 0 A
Awe A ][5 | R
VY T Y X
_ _1 _1
/\X|YZX|YZ _\/\XX o /\XY/\YY/\Y)§ /\XZ/\ZZ/\ZX
Y
N
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Least Squares Estimation : Property 3
What happens when Z and Y are correlated?

Ngy = E{Z?T} # 0

Then,

Ayz = Ay "'\(X\Y)\(Z‘Y)j

//,\f

This warrants further explanation...
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Recursive LS Estimation

Using Y , we can estimate X and Z by their
conditional means:

The conditional mean of X The conditional mean of Z

X, =3+ AGAEY =9 2, =2+ A ALY —5)

The corresponding conditional estimation errors are:

Ay =X~ Xy Z

~_ _—

Uncorrelated withY (by Least Squares Property 1)

Y:Z_Z|Y
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Recursive LS Estimation

W e have:
The conditional mean of X The conditional mean of Z
X, =3+ AGAEY =9 2, =2+ A ALY —5)

If we get the outcomes Y=y and Z=z
The corresponding conditional estimation errors become:

\ p— — 7 :’2 :Z—:’/‘J\
X\y A x|y y Yy

This i1s still random
This Is now an outcome



Deterministic interpretation of Property 3

39
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where:
— —1
A X7 /\XZ _ /\XY/\YY/\YZ
YZlY
—1
/\Z\YZ\Y — /\ZZ — /\ZY/\YY/\YZ

Ziy =24+ NN

LY -9



Least Squares Estimation : Property 3

a) Recursive estimate

41

Xyyz = Xy + <X|Y>\(ZY)

where: . R 1 R
Xy =2+ Ny Ny (Y —7)

~ o~ _1 P
Z‘Y — 2T /\ZY/\YY(Y — y)

Xy) o =N, . AL (Z2-2
( ’Y>|(Z|Y) Xy Zy ZyYZ|y( v)

W—/W—(\

A A

r 1. Ve
Nxy — /\XY/\yy/\YZ

{/\ZZ - /\ZY/\;;/\YZ}

N\
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Least Squares Estimation : Property 3

b) Recursive estimation error

A. . =A. . —A. . AN A _
XyzX|yz XyXly  Xydy ZyZy Ayiy
where: .
AX’ X :/\XX_/\XY/\YY/\YX
YUY
_ —1
/\X Z _/\XZ_/\XY/\YY/\YZ
Yl
_ —1
/\“ - /\ZZ o /\ZY/\YY/\YZ

2ly 4|y
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Derivation of Recursive LS Estimation

1)  Definethe vector 5, _ )Z/ 7 —

Q) W)

2)  Compute Ty, = EAX|Y =y, Z =z}

. ~ _1 ~
T, =7 Ay Ny (W — W)

\_Y_I

|

Inversion of an (p+M) X (p+M) matrix




Solution: use Schur complement
* Given

_ | Ngz Ny —1

- Compute the Schur complementof Ay

_ —1
A =Ny, - /\ZY/\yy/\YZ

which is the conditional covariance

44
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Solution: use Schur complement of Ay
 Glven

N N 1
Ny = { /\52 /\}Z; } /\Z|Y = Nyy — /\ZY/\YY/\YZ
* Then
T AL ~ATLlF _
1 Z|Y Z|Y
A\ —
Ww
T A-1 1 Thr—1
] 'Fj'aznf Ayy T F ﬁﬁﬂyl?_

_ —1
F=A,AL
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Non-Recursive LS Estimation

~ . 1 ~
T, =7 + Ay Ny (W — W)

<

\_Y_H_J\ {

W

~ N
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Use Schur complement

f‘ = I
yZ
A Ao 17Tz
[ X7 XY } /\YZ /\YY 7
| J
Y
AE&/ _A;&F
I _FT/\ZS/ /\;1% + FT/\;&/F ]
Ay =N,y — Ny AZEIA F=A, A2
Zly zZ7 A & — NzyNyy



P

X

Yz

_|_

Z|Y

Use Schur complement

= T+ Ny /\YYy

(Axz = /\XY/\ Ayz) /\Z|y (Z - /\ZY/\;;?'D

_ —1
= Nyy — /\ZY/\YY/\YZ

48



P

X

Yz

_|_

(Ax

49

Use Schur complement

x —|— Ny /\YYyJ

Y

~~

T\, ~— expected value of X given outcome y

1~
7z — NxyNyy YZ> /\Z|y (Z = Ny N3 9)
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Use Schur complement

We will now show that

Yy — &
Yz Y
+ Ay, = A ATIACIATL G = AL ATLY)
X7 XY "'vy''YZ Z|Y zZY YYy
_ W,
Y
E{Xyl2,}

The expected value of X given the outcome 5|

ly J



o1

Computation of Z‘y

The conditional mean of Z given Y =y :

zZ, = Z /\ZY/\

Y YYy

5| :Z—,/Z\‘
Y Y

— 1~

2, =% —Z— /\ZY/\YYy

Y \ ,
~
<
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Computation of E{X |z}

Therefore,
z|y =zZ+ N, /\YYy

We will now compute E{X } using the LS resullt:

|Y|§|y

o sy > > sTvprs 5T1—1 2
B{Xy I} = B{X) )+ BWX, 2, 0B{2), 2]} 7 3,

to verify that

~ - . _1~
E{X|y|z|y} = (ANyz — Axy Ny YZ) /\Z|y (Z - /\ZY/\yyy)}

Y
o
Y




Computation of E{X |z }

Using Gaussian least squares results:
0

~

E{Xyl3,t = ELX}

+ B{X,ZLYE{Z 7]} 2

Estimation errors always have zero means

53



Computation of E{X |z }

Using Gaussian least squares results:

> 1z v— prw 5T 5> 5T1—1 =
E{XIY‘Z\y}_ E{X\YZ|Y}\E{Z\YZ|YJ} .
Y
E{Z Ef}z N, . = A
v “ly Ay 2y

_ —1
= Nyy — /\ZY/\YY/\YZ

the conditional covariance

o4

Y



Computation of E{X |z }

Using Gaussian least squares results:

B{Xy 15, = B{X, 2} AL 2,

Notice that, from the Schur complements result,

~ - . —1 —1 ~
E{X|Y’Z|y} — (AXZ o /\XY/\YY/\YZ) /\Z|Y [y

55



Computation of E{X |z }

Using Gaussian least squares results:

E{X |7} = iE{X"YZT} A~

Z|Y |

Y

o ~15y\ 5T
E{(X = Ay AJI 21}

l

o 5T
B{XZ!'}

0

—1 Yo
Ay Ay E{/ZE )

56



Computation of E{X'W\z‘y}
Using Gaussian least squares results:

E{X,%,} = B{XZ }N]
Y

_—

E{XZl} = E{X(Z - NAuyN 09"}

|Y |

o7

a7 Ty A—1
= B{XZ"} E{XY'IN A,

_ —1
— /\XZ o /\XY/\YY/\YZ



Computation of E{X |z }

Therefore,

> sl __ —1
E{X\YZ|Y} = Nxz — /\XY/\YY/\YZ

and

~ _ —1
E{X|Y|Z|y}: (Axy — /\XY/\YY/\YZ)

1 ~
/\Z|Y “ly

58



Non-Recursive LS Estimation Error

_ —1
/\X|WX|W T /\XX o /\XW/\WW/\WX
I
w=|7 L
{ Nyz Ny }
Nyz Nyy

59



Use Schur complement

N o - — A\
Xy zX|yz xX .
_ [/\ A ] Nzz Nay Ngx
R I VAW A Ngy
|\ ~ J
/\;é/ _A;&F

' T'A—1 —1 TaA—1
I F /\Z|Y /\YY_I_F /\Z|YF_

— —1 _ —1
/\Z|y =Ny — /\ZY/\YY/\YZ B = /\ZY/\YY



61

Use Schur complement

— —1
/\ '" X T /\XX o /\XY/\YY/\YX

Xy zXN Yz

—(Ayy — /\XY/\;;/\YZ)/\

_ —1
/\Z|Y — /\ZZ o /\ZY/\YY/\YZ

—1
Z|Y

—1
(/\ZX - /\ZY/\YY/\YX)



Summary

* The conditional mean is the least squares
estimator:

E{IX — X|y|?} < E{||IX — F(M|*}

 For Gaussians, the conditional mean is an
affine function

Tly =2+ Ny Yy(y y)

62



Summary

The conditional mean can be computed
recursively:

1. If we first know of outcome Y =y

£|y =T+ Ny /\YYy

63
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Summary

The conditional mean can be computed
recursively:

2 If we afterwards know of outcome Z =z

2, = %2 N\, /\YYy

~ P

then




Course Outline

Unit O: Probability

65

Finished
O

Unit 1: State-space control, estimation

Unit 2: Input/output control

Unit 3: Adaptive control



