ME 233 Advanced Control |l

Lecture 5
Random Vector Seguences

(ME233 Class Notes pp. PR6-PR10)



Outline

Random vector sequences

— Mean, auto-covariance, cross-covariance

MIMO Linear Time Invariant Systems

State space systems driven by white noise

Lyapunov equation for covariance
propagation



Random vector sequences

A two-sided random vector sequence Is a
collection of random vectors

X = {- X(-1), X(0), X(1),

each X (k) c R™ IS Itself a random vector

defined over the same probability space (Q, S, P)



Random vector sequences

We either will use

(X)L o o« X(K)

Shorthand
(sloppy) notation

to denote the two-sided random vector sequence.

Each element X (k) of the sequence is a random vector:

X(k):Q2Q—R"



Random vector sequences

A sample sequence
corresponds to the value of

L., X(=1), X(0), X(1), X(2),...}

obtained after performing an experiment



2nd order statistics

For a two-sided Random Vector Sequence (RVS)

{X(R)} ez

Expected value or mean of X(k),

E{X(k)} =my(k) e R"




Auto-covariance
Define: X (k) = X (k) — m (k)

Ax(k ) = B{X(k+ HX0(k))

[ X1 (B+J) |
/\XX(k,i):Ew :

Kk +5) |

{Xl(k’)

R (k) |
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Cross-covariance
Define: X (k) = X (k) — m (k)
Y (k) =Y (k) —m,(k)

Ay (k,g) = B{Z(k + )7k

[ Xi(k+5)

Ay (k,5) = E< RAGINRAON

Sk + )

J/
V.

/



Wide Sense Stationary (WSS)

A two-sided random vector seguence {X (k)}zo:_oo
IS WSS If:

1) E{X(k)} =my (timeinvariant)

2) Ay (kD) = Ay (k4 M,1)}

(only depends on /)



Auto-covariance function

For WSS RVS, the auto-covariance is only
a function of the correlation index j

Aex () = E{X(k+5)XT(k)}

forany index k

Ax @ =D (1)
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Auto-covariance function Z-transform

Ay (D) =N (D)

l Z-transform

Nyy(2) = /A\§X(z_1)
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Auto-covariance function

Nxx(l) = Aix(_l)

Proof:
AL (=1 = B{(X(k — 1) —my) (X (k) —my)T}T
= B{(X (k) — my)(X(k —1) —my)T}

Define ki=Fk—1

N (D) = B{(X(k 4+ 1) = my ) (X (k) —m )"}
— /\XX(Z)




Auto-covariance function Z-transform

Nyy(2) = /A\§X(z_1)

Proof:

AT 1 - —+1 ' . T —+1
Ay (z77) = > Ay (D= = > Ak
|=—00 [=—o0
Define n:= —I
A 1 — T —
A (70) = > A ()27 = > Ay (n)z™"
n=——oo n—-—oo

— /A\XX(Z)
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Cross-covariance function

X(k) and Y (k)
are two WSS random vector seguences

Ay () = E{X(k+ )Y" (k)}

forany index k

Notice that:

Ay (D) = A} (=)




Auto-covariance function Z-transform

Ay (D) =N (1)

l Z-transform

Ny (2) = /A\;CX(Z_l)
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Cross-covariance function

Ay (D) =AY (=)

Proof:
AL (=D = B{(Y (k= 1) = my ) (X (k) —m, )"}
— E{(X(k) — mX)(Y(k — 1) — my>T}

Define k:=k —1

AL (=D = BUXE+D) —m )Y (k) —my)"}
— /\XY(Z)




Auto-covariance function Z-transform

Ny (2) = /A\;CX(Z_l)

Proof:

AT 1 — —+1 ' = T —+1
A, (277) = > Ayx(Dz = > Ay (D)2
|=—00 [=—o0
Define n:= —I
A 1 — T —
A, (277) = > Ay (—=n)z " = > Ay (n)z™"
n=——oo n——oo

— /A\)W(Z)
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Ergodicity

AWide Sense Stationary random sequence
IS ergodic

If its ensemble average = time average (constant)

E{X(k)} = my
1 N

= Iim ] > (k)

N—oco 2N e N

with probability 1
(almost surely) sample sequence



Ergodicity
For any WSS ergodic random sequence

we can approximate the covariance as a “time average”

Nex() = B{X(k+35) X1 (k)}
— Jim f: 2(k +5)3" (k)
T N 2N 41, & T
with probability 1 z(k) = z(k) —my
(almost surely) |

sample sequence
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Power Spectral Density Function
Fourier transform of the auto-covariance function:

Pixw) = F{Axx()}

CX) .
Z /\XX(l)e_le
[—=—00

Complex-valued matrix

I: correlation index
Note:

The power spectral density function is periodic,
with period T = 27

e I¥l = cos(wl) — jsin(wl)



Power Spectral Density Function
Using the inverse Fourier transform we obtain:

Nyx(l) = ]:_1{¢XX(W)}

1 g qwl
/ e/ P (w) dw

271 J—r
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Power Spectral Density Function
Properties of the power spectral density function:

1. & (w) = CD)T(X(—w)
2. Pyy(w) =% (w) w € [—m, 7]
3. Py (w)>=0 w € [—m, 7]

1 7
4. /\X)((O) — %/_WqDX)((w)dw
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Power Spectral Density Function

1. P (w) = CD§X(—w) w € [—m,n]
Proof:

T s ' l_T = T wl
Po(w) =1 D0 Ax@| = > AL (D

| [=—00 | [=—00

Define n := —I

T — T ' = '
CDXX(—w) = Z /\XX(—n)e_an = Z Ny y(n)e %"

n=——oo nN=——0oo
— CDX)((W)
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Power Spectral Density Function

2. P, (w)= N () w € [—m,n]
Proof:
— ' l_ ' — T wl

Pl (W) = > NxxDe™ = > Ayx(De™

[=—00 i [—=—0o0

Define n := —I

(x:) T . (X:) .

cbjcx(w) = >, Ny (mn)e 7= = > Nxx(n)e™7em
n=——00 n=——00
= Py (w)
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Power Spectral Density Function

Properties of the power spectral density function:
(scalar case)

1 P, (w) =P (—w)

5 d, . (w) is real w € [—m, 7]

3. CIDX)((W) > 0 W € [_77777]

1 s
4. Nxx(0) = Z/_W Py x (W) dw
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White noise vector sequence

A WSS random vector sequence {W(k‘)}zo:_oo IS

white If:
Ay (1) = Zypyy 6(0)
where
wo={1 138
2w = E{W (k)W (k)} W (k) = W(k) —my,
1T
2w = 2y = O



White noise vector sequence
Given the white WSS random sequence {W (k) }r—_ .

with
Ay (1) = 0 6(1)

Its power spectral density (Fourier transform)

IS
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White noise illustration (scalar case)

» zero-mean white noise W (k)

Matlab commands:

randn(N,1);

W =
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MIMQO Linear Time Invariant Systems

Let {9(k)}7_, with g(k) € RP*™

be the pulse response of an asymptotically stable
MIMO LTI system

Transfer function
O

G(z) = Z{g(k)} = Y g(k)z"

k=—o0



MIMQO Linear Time Invariant Systems

Llet U(k) e R™

be WSS

The forced response (zero initial state)

o0

Y()= >, g(U(k—1i)

1——00

Y (k) € RP

IS also WSS

g(k) € RPX™

30



MIMQO Linear Time Invariant Systems
Let U(k) ¢ R™ be WSS

o0

V()= Y g()U(k—1)

1——0C

U (k) Y (k)
S g(k) .




MIMQO Linear Time Invariant Systems

We will assume

{U(k)} r=_ oo is zero mean, |.e.

E{U(k)} =m,; =0

Thus, the forced response output is also zero mean

E{Y(k)} =m, =0

32
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MIMQO Linear Time Invariant Systems
Let {U(k)}i—_,, be WSS
If

U (k) Y (k)
~ 9(k) —~

Then:
A, (D) Ay (1) =E{FG+007(w)

- g(l) -




MIMO Linear Time Invariant Systems

Proof:

Then:

Ayy (D)

= Y gD A=)

1——00

0

Y(k)= ) g@U(k—1) (my = 0)

Ny (1) =

E{Y (k+ DU (k)}

E{ 2. 9@ Uk +1-1)

| i g(i) E{U(k+1—)U" (k)|

1——00

UT(k)}

| Z 9(7/) /\UU(Z — 7/)

1——00

34
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MIMQO Linear Time Invariant Systems
Let {U(k)}p=_oc be WSS

/A\UU(Z) /A\YU(Z)
e

CDUU("‘J) | CDYU(w)
— G (e7) —

//\UU(Z) — Z{/\UU(Z)} //\y(](z) — Z{/\YU(Z)}

Dpp(w) = /A\UU(Z) Py (w) = /A\YU(Z)

zzej“ z:ejw
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MIMQO Linear Time Invariant Systems
Let {U(k)}r=_., be WSS
If

U(k) Y (k)
- 9(k) -
Then:
E{OGk+ )Y (%)) = /\UY(Z) /\YY(Z)

- g(l) -
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MIMO Linear Time Invariant Systems

Nyy(D) =3 g(@) Ay (I —19)
Proof: icj_oo
Y() = >, g()Uk 1) (my = 0)
Then: T

Ay (D) = E{Y (k + DY (k)}

:E{

= fj g(i)E{U(k—I—l—i)YT(k)}

1——00

o0

>, 9@ Uk +1—1)

1=—=—00

YT(k)}

o

— Z g(i)/\Uy(l_i) .

1——00
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MIMQO Linear Time Invariant Systems
Let {U(k)}p=_oc be WSS

/A\Uy(z) /A\YY(Z)
s

CDU}/(W) | CDYY(w)
— G (e7) —

//\Uy(z) — Z{/\Uy(l)} //\yy(z) — Z{Ayy(l)}

Dy (w) = /A\Uy(z>

z=eW



MIMQO Linear Time Invariant Systems

CDUY (w) — CD;Z;U(_W)

This Is a consequence of the fact that

Ny (D) = AL (=1)
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MIMQO Linear Time Invariant Systems
CDUy(W) — q);Z;U(_W)

Proof

T X ' l_T = T wl
P () =1 > Ay = 3 AL (D

[=—0o0 i [——o0
Define n := —I
T - T '
CDYU(—w) — Z /\YU(—n)e_J‘*m
n=——0o0

m .
— Z Nyy (n)e 72" = &y (w)
n=—00 .



MIMQO Linear Time Invariant Systems

O

f V()= Y g()U(k—1)

1——0C

Then:

41



MIMQO Linear Time Invariant Systems
Ny (2) = G(2) Ny (2) GL(z—1)
Proof:
Ay (2) = G(2)Ay (2)

= G(2) Ay (D]

= G(2) [GGDA D]
=GN, z"HG"(=™h

= G(2)Ay ()G (27 )
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MIMQO Linear Time Invariant Systems

f V()= Y g()U(k—1)

Then:
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MIMQO Linear Time Invariant Systems
Py (w) = G(Y) Dy (w) G ()
Proof:
Ayy(2) = G(2) Ay (2) GT(z71)
Let 7 = el
Ayy (e39) = G(e/) A, (e7@) GT (e=3w)

| ]

Dyy (W) Pp(w)  G*(eV)
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Next Topic

« Stable causal LTI systems driven by
uncorrelated random vector seguences

™

eSimilar to “white”
eDefinition In 2 slides

e State-space

 No WSS assumption
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2"d order statistics of a random sequence

We now consider one-sided random sequence
{X (k) }r=o

Expected value or mean of X(k),

E{X(k)} = m (k)
Auto-covariance function:
/\X)((kaj) —

E{[X(k+j) —my(k+ )] [X(k) —my (k)]



Uncorrelated random vector sequence

A random vector sequence {W(k‘)}zo:_oo IS
uncorrelated if:

Aoy (D) = 5, (k) 6 (1)

where
=13 1Z¢
> (k) = E{W(E)WT(k)} W (k) = W (k) — my, (k)

Syw (k) =L (k) =0
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Subtracting the mean

* Define
X (k) = X (k) —my (k)

Auto-covariance

Nx(k,3) = E{X(k+5) XT(k)}
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State space systems

Consider a LTI system driven by an uncorrelated RVS:

X(k4+1) = AX(k) 4+ BW(k)

Y(k) = CX(k)

X (k) e R" W(k) € R”

Y(k)e R™

49
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State space systems

W(k) is an uncorrelated RVS
my, (k) = E{W(k)}

Ao (kD) = 00 (k) 5(1)

.

1 [ =0

6(l):<0 | 0

\

> ou (k) = E{W (k)W (k)} € RP*P



State space systems

X (k4 1)
Y (k)

A X (k) + BW (k)
C X (k)

State Initial Conditions (IC):
mx(o) — E{X(O)}
Axx(0,0) = E{X(0)X7(0)}

E{X(O)WT(k)} =0, Vk>0

o1



Dynamics of the mean

X (k4 1)
Y (k)

A X (k) + BW (k)
C X (k)

Taking expectations on the equations above:

S
>
-
_|_

|

Amy (k) + Bmy, (k)

3
;.<
N\
??‘
N—’

|

C'm. (k)
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X (k

W here now

State space systems

Subtracting the means we obtain,

+ 1)

7 (k)

= AX(k)+ BW(k)

C X (k)

m (k) =0

m (k) =0

53
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Causality In cross-covariance

E{W(k+)HXT(k)} =0 Vi >0,k >0

Proof: (by induction on %)

1. Base case, £=0: trivial by assumptions on system

2. Case k>0

E{W(k+HXT (k)Y = E{W(k+ j)[AX(k—1)+ BW (k- 1)]"}

— E{W(k+j)XT(k—-1)}AT
b E{W (k- =TT BT

=0 (by induction hypothesis)




Covariance propagation

X(k+1) = AX(k)+ BW(k)

Notice that:

Xk+DXT(k+1) =

[A X(k)+ B W(k)} [A X (k) + BW (k)

55
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Covariance propagation

Taking expectations to:

Xk+DXT(k+1) = AXK)X (k) AT

(G J
Y

AX(WT (k) BT

+ BW(k)XT (k) AT

+ BW(HE)W!T (k) B

56
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Covariance propagation
Notice that:
Ayy(k+1,00 = AN, (k0) AL

+ AW”QO
+ BW
_I_

B Ay (k,0) BT
(W(Fk) 1s an uncorrelated RVS)

Ay (k, 0) AL (K, 0)

L {X’(k)WT(k)} =0
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Covariance propagation

We obtain the following Lyapunov equation:

Ayy(E+1,00 = AN, (k,0) AT +Bx (k) B!

Aix(k,0) = E{X(K)XT (k)]

Ay (k,0) = E{WEIWT(k)} = Z (k)



Covariance propagation

From the output equation

V() = CX(k)

we obtain

Ayy(k,0) = CA(k,0)Ct
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Covariance propagation

Lets now compute,

Aex(k, 1) = E{X(k+DXT(k)} 120
Using the solution of the LTI system,

k+1—-1 |
Xk+1) = AR+ Y AEI=IBW())
j=k



Covariance propagation
. 3 k+1—1 |
Xk+1) = AR+ Y AEI=IBW())
j=k

Ay (k1) = E{X(k+l)XT(k)}
= A'E{X()XT(k)}
k+1-1 | 0
j=k

= A'A, (K, 0)



Covariance propagation

Lets now compute

Ayr(k,—1) = E {X(k - Z)XT(k)} [ >0

= B{X(K)X"(k -}

A

define kK :=k —

Ayx(k, =) = E{X(k+ X" (R)}"
= AT (k1) = [AZAXX(k —1,0)
= A, (k—1,0)(AH7T

]T
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Covariance propagation

Nxx (k1)

Satisfies:

E {X(k + Z)X'T(k)}

Ay (k1) = A'A, (K, 0)

Ay (b, —1) =Ny (k—1,0) (AHT

[ >0

[ >0
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Stationary covariance eguation

If W(k) is WSS

and A is Schur (i.e. all eigenvalues inside unit circle):

and X(k) and Y(k) will converge to WSS RVS:

im m, (k) = m, lim m, (k) = Cm,
k— 00 k— 00
k”—>moo Ny (k,0) = /_\XX(O) kli_)m@@ Ny (K, 0) = /_\YY(O)

= CA,(0)Ct



WSS Stationary covariance eguation

For W(k) WSS, and A Schur,

my(k+1) = Amy (k) + Bmy,
converges to

my = [[—A"t'Bm,

65
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WSS Stationary covariance eguation

For W(k) WSS, and A Schur,

Ax(0) = lim E{X(K)X" (k)}

k— o0

Satisfies the Lyapunov eguation:

AN, (0) AT — A, (0)=-Bx,,, B




WSS Stationary covariance eguation

For W(k) WSS, and A Schur,

Ayy(D) = lim E{X(k+ DX (k)}

k— o0

Satisfies

Ayy(1) = A'Ay(0)
/—\X)((_l) — /_\Xj((O)(Al)T




lllustration — first order system
« Plant:

Y(k+1) = 05Y(k)+ 1 W (k)

* Input:
my, (k) = 1 Ay (k1) = 0.26(1)

« State initial conditions:

m,(0) = 0 Ayy(0,0) = .1
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Matlab simulation: 500 sample sequences

lyyO =0.1

lww = 0.2
sysl=ss(.5,1,1,0,1)

N=20;

pP=500;

w = sqrt(lww)*randn(N,p)+1;
y = zeros(N,p);

y0 = sqrt(lyyO)*randn(1,p);
k= (0:1:N-1)"

for |=1:p
[y(.1).Kl = Isim(sys1,w(:,)),K,yO(1,)));
end

m_y=mean(y')
L_yy=diag(cov(y’));
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Mean Transient Response

Actual:
my(k+1) = 0.5m,(k)+1
m,(0) = O

Matlab calculation:
Ensemble mean
m_y=mean(y');

Not using ergodicity
because not WSS!!
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Mean Transient Response
g-o-o-o-8-8-0-0-8-0-0-0-8-0-8-a

N

g

< 1.5~ F
£ A d’ my(k+1) = 05my(k)+1
E I
205}/ mY(O) = 0

/

(% 5 16 15 20

k

2.5;
Oy l:l_‘:,_|:|-|:|-|:|-|:|-|:|--|:|--|:|-1:|-|:|-|:|-|:|-|:r-|:|--|:|-1:| ]
€ 15- o
g o Calculated by
E T _ N
:"j O.Sﬁlll m_y—mean(y),

(ﬂ r r r L

0 5 10 15 20

k
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Covariance Transient Response

Actual:

Ayy(E+1,0) = 0.5%A,,(k0)+0.2

Ay (0,0) = .1

Aoy (K, 1) = 0.26(1)

Not using ergodicity g,

because not WSS!! o
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Covariance Transient Response

035 L L L 1
—~ 03 ]
é;oz& p-&o0-0-0-0-8-0-0-0-0-0-0-3-004
< o
[ !
< 0.15;1 /\XX(Oy O) — 1 i

O]ﬂ r [ ' I

0 5 10 15 20
K

0.35. L L L
X 03 a.
<025 F,I:I"n‘l:l"n"n"ﬂ--l:rn' B~ ]
©
g 0.2/ Calculated by 1
@ ﬁ' 1 1 -
i L_yy=diag(cov(y"));

o1 5 10 15 20
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Steady State Covariance

035 L L L i
< 0.3~ -
S 025 oo 4 &0-0-0-0-0 o4 0-0-0-0-08-43
< -

TPE O_Zﬁ'l / f
Q I 2 —
OO0 AL =222 Ay (0) =0.2667 :

O]ﬂ r ) r r [

0 10 15 20
K

035 L L L
X 0.3~ o, i
S, o-O-pg .0 g% o
< 0.25 .- F,I:I"n‘l:l"n"n"ﬂ--l:rn' B~ g l
©
g 0.2/ Calculated by 1
= ! . : |
g oo L yy=diag(cov(y");

O']Ig 5 15 1% 20

k
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