ME 233 Advanced Control Il

Lecture 4
Introduction to Probability Theory

Random Vectors and Conditional Expectation

(ME233 Class Notes pp. PR4-PR6)
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Multiple Random Variables

Let X and Y be continuous random variables.

« Their joint cumulative distribution function
(CDF) is given by
ny(may) :{)(X < z, YS?J)J

Y
P(X <zandY <y)




Multiple Random Variables

Let X and Y be continuous random variables
with a differentiable joint CDF

ny(way):P(XSw,YSy)

Their joint probability density function (PDF) Is

GQF)(Y{ZC) y)
O0x Oy

pxy(ma y) —



Multiple Random Variables

b rd
Pa<X<be<y<d) = [ py(zy) dyde
a C

Py (z,y) has the usual
meaning of density




Multiple Random Variables

Let X and Y be independent

e Then:

FXY(‘/Eﬁy) — Fx(x) Fy(y)

N

Marginal CDF of X Marginal CDF of Y



Multiple Random Variables

Let X and Y be independent

e Then:

Pyy (T, y) = py(x) py (¥)

N

Marginal PDF of X Marginal PDF of Y



Correlation and Covariance

Let X and Y be continuous random variables
with joint PDF
pxy(xa y)

 Correlation:

RXY E{XY}

O O
/ / TY Dy (T, y) dydx
— OO — OO



Mean

Let X and Y be continuous random variables
with joint PDF  p... (z,y)

* Mean:
my = E{X}
O O
:/ / TPpyy(z,y) dydx
— OO — OO
o
=/ TPy (x) dx
— 0
O
where px(fb) — /—oopXY(aj’y) dy
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Correlation and Covariance

Let X and Y be continuous random variables
with joint PDF
pxy(xa y)

« Covariance:

Ny = E{(X —m)(Y —m, )}

N

means

= /_O:O /_O:O (x —my)(y —my ) pyy (2, y) dydx
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Correlation and Covariance

Let X and Y be continuous random variables
with joint PDF Py (2, )

« Xand Y are uncorrelated if:

/\XY — O thelr covariance IS zero

- X and Y are orthogonal if :

— their correlation is zero
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Multiple Random Variables

- X and Y are uncorrelated if and only if
R, = E{XY} =FE{X} E{Y} =m,m,
Proof:
Nyy = E{(X —m)(Y —my)}
= BE{XY}—-—mE{Y} - E{X}m, +m,m,
——
my my

= E{XY} —-—m,m,

therefore Axy =0 <& E{XY}=m,m,



Variance

The variance of random variable X Is:

02 = E[(X —my)?]

— E{(X — mx)(X — mx)}

T /\XX
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Marginal PDF

Let X and Y have a joint PDF Pxy (T, y)
« Marginal or unconditional PDFs:

o0

pr(CU, y) dy
00

py () =/

o

pxy($7 y) dx
00

NOES|
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Marginal PDF

Let X and Y have a joint PDF Pxy (T, y)

« Expected value of X

m, = E{X} =/_OO /_OO T pyy (z,y) dydx

= /_O:O TPy (x) dx

15



Conditional PDF

Let X and Y have a joint PDF Pxy (2, )

« The Conditional PDF of X given an
outcomeof Y =y, :

L pxy($a yl)

2

pX|y1 ()

16



Conditional PDF

Let X and Y have a joint PDF Pxy (2, )

« The Conditional PDF of Y given an
outcome of X = x; :

(y) _ pxy(mla y)

p
Viey px(ml)

17



Conditional PDF

Let X and Y have a joint PDF  Pxy (2, %)

* Bayes’rule:

pX|y(37) py(y) lew(y) px(aj)

pxy(ma y)

18
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Conditional Expectation
Let X and Y have a joint PDF Py (z,y)

« Conditional Expectation of X given an
outcomeof Y =y;:

Mxly=y; — E{X|Y =y1}
'T‘
o0
— /_OO a:‘leyl (ZE)dCE
m

Xlyg
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Conditional Variance
Let X and Y have a joint PDF Py (z,y)

 Conditional variance of X given an outcome
of Y =y,

2 _
o —3A\
Xly1 Xly1 Xy

= E{(X —=my, )?IY = u1}

> 2
- /—oo(aj B leyl) Pxy (z)dx



Independent Variables

Let X and Y be independent. Then:

Pyy (T, y) = py(x) py (¥)
pX|y($) — pX(ZC)

Py, (¥) = py(y)

21
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Independent Variables

If X and Y are independentrandom variables,
then X and Y are uncorrelated

Proof:

Ny = E{(X —my)(Y —m, )}

= F{X — mX}E{Y — mY} (independence)

=0 B

The converse statement is NOT true in general
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Bilateral Laplace and Fourier Transforms
Given Jf:R—TR

» Laplace transform: F(s) = L{f()}

F(s) = /OO =5t £(4)dt sec

— OO

* |Inverse Laplace transform:

)= - / W " St E(s)ds

2m] Jy—joo

for some real y so that contour path of integration
IS In the region of convergence



Bilateral Laplace and Fourier Transforms
Given Jf:R—TR

 Fourier transform: F(jw) =F{f()}
F(jw) = /_OO eIt £ (D) dt weER

* |Inverse Fourier transform:

(1) = + [ Ry

21 J—00

24
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Moment Generating Function

The Fourier transform of the PDF of a random variable

X is also called the moment generating function or
characteristic function

Notice that, given the PDFpX(x)

Px(j‘*})

O

F{py ()} = / e—jwme(x> dx

— OO

E e %X

it can be shown that E [X"] = jnp)[(n] (Jw)lw=0

where " indicates the nth derivative w/r @ (see Poolla’s notes)



Properties of Normal distributions

The moment generating function of a zero-

mean normal distribution is also normal.

26



Moment generating functions of Normal PDFs

Let, L -
XNN(mX,Ji) / 1\

=
9
El

l.e.,

]
(my —oy) mX (m_\- + 0"\-)

pX(SL‘) — 1 exp (_ (ac—mQX)Q)
O'X\/% QUX

The moment generating functions of X is:

—0

< N

N

P, (jw) = E {e—if”X} = exp(—jwmy ) exp (

)

27
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Sum of independent random variables

Let X and Y be two iIndependent random variables
with PDFs py () Dy (y)

Define
/=X+4Y

then

p(2) = [ px(@py(z - 2)da

pX(°) *py(') (convolution)



Proof

Assume X and Y are two independent random
variables and define

Z=X+Y

Let us now calculate the moment generating

function of Z:

Pz(jw)

E{e—]WZ}
E{e—jw(X+Y)} — E{e—ij e—ij}
E{e_ij} E{e_ij} (independence)

Px(jw) Py(jw)

29



Proof
Since

Pz(jw) — Px(jw) Py(jw)

Applying the inverse Fourier transform,

p(2) = [ px(@py(z - 2)da

Px () *py ()

30



Random Vectors

Let X; and X, be continuous random variables.

Recall that:
* Their joint CDF is given by
Fy v, (x1,22) = P(X1 < z1, Xo < 22)

* Their joint PDF Is

aQFxlxz (3317 332)
0x10xo

pX1X2(3317 332) —

31
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Random Vector

Define the random vector X — { A1 | o 2
X2
(and the dummy vector) = { 1| e R2
T2
with CDF

Fy(z) = P(X1 <1, Xo < x2)

: 2
Fy R —>72_|_
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Random Vector

Define the random vector X — { A1 | o 2
X2
(and the dummy vector) = { 1| e R2
T2

with PDF

O2F. ()

Px (33> — =
Oxq1 0x»o

pXIR2—>R_|_



Random Vector

Define the random vector

Mean:

B{X} =

e |

L2

L1

_ | X1 2
=8 ]en
My,

_mXQ
Py (z)dx1dzs

34



Random Vector

Define the random vector X = {ﬁl e R?
y
Mean:
. 122 apy, (2)da
Mx = | m = {
-2 2oy, (Y)dy
o0
Py, () =/ px(z,y) dy
— OO
Marginal e
PDFs Px, (y) = /—oopX(aj’y) dx



RXX

Correlation

E{xXXxT} e r?x?

d

RX1X1

RX2X1

X
X2

RX1X2

RXQXQ _

x|




Covariance

E{(X —m ) (X —m)T} e R?*?

37



Covariance

_ T
Aex = AL =0

Proof:

« Define any deterministic vector vV € R? |v|| # O

+ Q= (X—-m,)!v isascalar random variable.

UT/\XX” — E{T(T(X - ij)éX ~ mX)T?j}
Y Y
9 9

2
E{Q°} >0 -

38




X be a random n vector

Random Vectors

Xy
X=]| : | eR”
. Xn -
with PDF
~ O"Fy(x)
px(x) — Ozq - - O
py - R"— R4

Y be a random m vector

Y,
Y = e R™
_ Ym i
with PDF
m
py(@') — ail FY(;;)m

py - R"™ — Ry
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Cross-covariance

X be a random n vector Y be a random m vector

T
Nyy = E{(X—m)(Y —m,) } € R"™
( -X]_ L le' )
= F : [Yl_myl o Ymo—my, o
\ _Xn_an_ J
AX1Y1 o /\lem T
— : : = Nyx
I /\XnYl o /\XnYm ]




Cauchy-Schwarz inequality

For any scalar random variables X and Y

2
A2 < Ay Ayy

41



Proof

Define the random vector 7 — X c R2
Y
A = Axx Nxy ~ 0
YA /\ /\ —
NNyx NNyy |
Thus,
Det[A,,] = Ay Ayy — A5, >0

42



Gaussian Random Variables (Review)

Let X be Gaussian with PDF

px(x) — O'X\/%

1

_(@mmy)?

2
e 20‘X

Freguently-used notation

X ~ N(my,0%)

43

X is normally distributed with
mx

2

and variance 9y — Nxx

mean




Two Iindependent Gaussians

X ~ N(my,0%)

0.18+

0.16+

0.1-

0.08+

0.04-

0.02

0
-10

0.14

0.12

0.1-

0.08+

0.06

0.04

0.02

Y ~ N(my,o7)

44
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Space-saving notation

(:U—mX)Q _(y—mY)Q
py(@)=——e X py (y) = e %
72 _ g2
1 _20.2 _ 1 20‘2
— e X — e Y
O‘X\/zﬂ' O'Y\/ 27

dummy variables

=T —my Y =1y — My



Two Independent Gaussians

pxy(xv y> — DPyx (x)py(y)

46



Two independent Gaussians
Joint PDF of independent Gaussian X and Y

pXY(CU, y) — px(x)py(y)
) >
1 e_zxaQ 1 _2?212/
OyV2T oy V2T
-2 >
x | Yy
1 1 - { 2 2 }
. e 20‘X 20Y

47
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Two independent Gaussians
Joint PDF of independent Gaussian X and Y

pxy(xay> — px(x)py(y)
2 —lr =
1T~ ~110% O T
—5| L ~
_ 1 . 2{ Y } 0 0-12/ |




Two Iindependent Gaussians

Define the vector

(independent Gaussian X and Y)

pxy(may) — pZ(Z)

Covariance

N, = Nxx Nxy
I /\YX /\YY ]

/ =

oy
Y

S




50

Two independent Gaussians
Joint PDF of independent Gaussian X and Y

aiO_lf
0032/ Y

L R E G
pxy<xay) = > e ) ) ;
- OOy 2T y v -
2 ' 2 Zzl z

1
OOy = |/\ZZ|2 = Det(A,,)2



Two independent Gaussians
Joint PDF of independent Gaussian X and Y

p(e) = L BTG o)
1
2m V\ZZ|§
_ + _ _[m,
Z — Y E RQ mZ T mY
2
A,, = {/\XX /\XY} — [JX 02}
/\YX /\YY 0 Ty
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2-dimensional Gaussian random vector

7/ = mZ Xand Y
Y Ty, independent

/

0)2( O
O 05,

pz(2) = pxy(2,y) = px(2)py (y)

/\ZZ

_ 1 6_% (z—mZ)T /\2} (z—m )

1
27 [Ny 42




n-dimensional Gaussian random vector

Joint PDF of a Gaussian vector ~ Z1
- Zn
7~ N(mZ, /\ZZ)
1 _
py(z) = ! e 2 (z=my)T Ny (Z=my)

n 1
(2m)2§A\, /|2

n: dimension of Z

53



Linear combination of Gaussians

If X is Gaussian and

Z=AX+Db

where
« A is a deterministic matrix
* bis a deterministic vector

then Z Is also Gaussian

o4



Conditional PDF (Review)

Let X and Y have a joint PDF Pyy (%, )

« The Conditional PDF of X given an
outcomeof Y =y, :

(a:) __ pxy(aja yl)

P
Xly1 py(yl)

55



Conditional Expectation (Review)
Let X and Y have a joint PDF Pyy (T,y)

« Conditional Expectation of X given an
outcomeof Y =y;:

mX|y1 — E{X|y1}

O
p— / aij|y1 (ZE)d.’L’

— OO

56



Motivation for Gaussians

When X and Y are Gaussians

The conditional probabilities ley(:U)

and conditional expectations 7711 X|

Yy
(for any outcome y)

can be calculated very easily!

o7



Random Vectors

Define the Gaussian random n + m vector

X is Gaussian n vector

/=

e
Y

~N(m,,N\,,)

/\ZZ

A
A

Y is a Gaussian m vector

XX /\XY

vx Nyy ]

58
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Random Vectors

X is Gaussian n vector Y is a Gaussian m vector

m, = E{X} My = E{Y}

Ay = E{(X-m)(X-ml} (@xn)
Nyy = E{(Y — my)(Y — my)T} (m x m)
/\XY — E{(X _mx)(Y_my)T} (n x m)



Conditional PDF for Gaussians

* The conditional PDF of X given Y =y

pr(CU, y)

pX|y(33) —

py(y)

also a Gaussian PDF

60
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Conditional PDF for Gaussians

The conditional random vector X given and
outcome Y =y

IS also normally distributed
(also a Gaussian random vector)



Conditional PDF for Gaussians
1 e_%(x "X )TAXllyle
(27T)n/2 \/|Ax|yX|y|

(z—m

pX|y(5U> —

Xy ~ N(ley’ /\lele)

—1
My, = My + Ny Aoy (y —my)

conditional expectation of X given Y =y

affine function of the outcome y

X!y)

62
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Conditional PDF for Gaussians

1 TaA—1
1 _f(x_kag) /\X|yX|y(:13—m

) = o ol /

Xy ~ N(ley’ /\lele)

X!y)

_ —1
A Nxx — Nxy /\yy/\YX

XlyXly

The conditional covariance of X given Y =y

independent of the outcome y !




Conditional covariance of X given Y =y

. T
/\X\yX\y = E{(a3 — mX|y)(£B — mX|y) ‘Y:y}
. —1
T /\XX o /\XY /\YY/\YX
'\

E{(X —m ) (X —m)"}

Amazx [/\X|yX|y} < Amaz [/\XX} — )‘min {/\XY /\;;/\YX}

\ 4 \

max eigenvalues min eigenvalue

64
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Independent Gaussians

Let X and Y be jointly Gaussian random vectors.

X and Y are independent if and only if they are uncorrelated

Proof:

(:>) We already showed this this is true even if X and Y are
not jointly Gaussian

(<) Xly~Niny,, Ny, x,)

My, — Mx + My yy(y my) = My
— 1
AX|yX\y = Nxx _%/AYYAYX = Nxx

= Xy~ N(my, Nyx) = pX|y(:v)=pX(:B).



Proof of conditional PDF for Gaussians

ldea of proof

e Some detalls regarding Schur complements

* Alot of algebra...

66



Schur complement

« Given « Schur complement of B:
[ A D A =A—-DB 1C
=185,
* Then

67



Schur complement

A_l

E =B 1C

—EA~! BT+ EATIF

* |f Schur complement of B
A =A— DB C

IS nonsingular

A Llp

F=DpDB !

68



. Given * Define
) I 0
N — {A D} 0 —
C B _—B_]'C B—l
;Y_l
* Then ] ] B
A— DB lc DB1
|\ _J
A F
M@ = — R
. O I -

« Results follow by computing inverses and
determinants of matrices @ and R

69



detalls

A F
0O I

= 1=

A_l
[ 0

AR

M=RQ ! ®m M 1=QRr!

I 0
- —E B_l -

A_l

AL AR
0 I
_ALR

~EA"l B l4 EA-1F

70

I 0
_E B1

E =B 1C
F=DpDB !



| Conditional covariance /\X|yX|y
* Glven

A
Nyz = A

* The Schur complement of Nyy

— —1
A = /\XX - /\XY /\YY/\YX

—A
Xl|yXly

71
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Schur complement of A,
« Given

N\ N . —1
N,, = [ /\XX /\XY } A = /\XX — /\XY/\yy/\YX
Y X YY

o 1) =i




Schur complement of A,

« Given
A A . 1
Ny, = [ /\ii /\;}: } A =Ny — /\XY/\YY/\YX
e and
VAN AR
1
AL —
YA
—FIATt AL+ FIATIE

— _ —1
A /\lele F= /\XY/\yy



Theorem

~ N(| X

Given X
Y

Then X|y ~ N(ley’ /\lele)

with

— —1
My, = My + Ny Apy (Y —my)

Ay ATINA,

Nxpyxty = Nxx = Nxy Nyy

N\
- Ty | _/\YX /\YY_

74



7 = ~ N(

dummy variables

< — <2 — My

75
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Proof: use Schur complement
 Now compute:

—1 _
sTA-lz _ =1 71| Nxx AXY} {f}
2 =[E A NN
* Using
A-T AL —ATLF '
zz — | —FIA~t AL+ FIA-LE

_ —1
A =Ny =Ny Ny Ny x F=Ay, /\;;



Now compute:

T oA —1 ~
z /\ZZz —

Proof

) K

77



Proof: compute the conditional PDF

(x) _ pxy(may) _ pZ(x,y)
Py (y) py (y)

Px\y

where:

1 _ 1 -
peap (— 77 ALLT)
vy |2

1
Py (y) — (27‘_)@2)|/\

/

dimension of Y

78
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Proof: compute the conditional PDF

(z) = Pxy (2, 9) _ p,(z,y)

Py Py (1) Py ()

where:

T
1 &P <_§ AV Z>
7712

p(2) = — —
. (277)@%/\

dimension of X + dimensionof Y z = {



Pxjy\F

~T An—1 =T
z /\ZZZ

Proof

( ) _ p)(y(aj y)

py(?J)

m 1
(27) 2| Ay |2

n-+m 1
(2m) 2 [N |2

( 1
exr —
PA75

=@ -Fpl A

1
T a — 1 ~
/\Z z—§ Y /\YY y)

L@E-Fy) +7 ALY

80



Pxyy

— —1 _ —1
A= /\XX - /\XY/\YY/\YX I = /\XY/\

Proof

. pxy(xa y)
(37) - py(?J)

1
Ayy |2

n 1
(277)2 |Azz‘2

exp | == (% — FHt a1z - Fy)

YY

81



Proof

1
Ayy |2

n 1
(277)2 |Azz|2

pX|y($) —
1
exp [—5 (7 — F)T AN F — F§)

use Schur determinant result:

A
IAyz| = det < /\XX

Y ) — |/\YY| |A|

82



Now use:

N\
XlyXly

=A=A —A

—1
XY /\YY

/\YX

83



Proof

1
(2m)2 |A

ley(aj) — 1
XIyX|y|2

1
exp | =5 (7 — FT A

. _ —1
Now use: F' — /\XY/\YY

—1

84
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pXIy(:E) — n 1
(277}2 ‘/\X|yX|y|2
exp [—1 (7 — FHT AL
2 X|yXly
Therefore,
Xy ~ N(ley’ XIyX|y>

85
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Proof
Therefore,

Xy ~ N(ley’ /\lele)
with

— —1
My, = My + Ny Aoy (y —my)

— 1
/\X|yX|y T /\XX /\XY /\YY/\ .

This result Is iImportant and constitutes the
basis for the Kalman Filter!



Supplemental Material
(You are not responsible for this...)

« Laplace and Fourier transform of Gaussian
PDF

 Transformation of random variables

87



Laplace transform of normal PDF

(z—m y)?
(CE)_ 1 6_ 20%
Px oy V2T
(@—m )2
Po(s) = [T e payde=— [T e PR
X —00 X Oy V2T J—o0

1 % —A()
— (& dm
OxV 2 /—oo

where, after “completing the squares”,

2 m2 2
A@) =so+ o5+ -5 — 5
20X 20‘X 20'X
1

— 52
20’X

{[m -+ (30)2( — mX)}2 — 520; + 2m . so

2
X

|

88



Laplace transform of normal PDF

substituting,

(s202 /2)—sm /OO 1 —(z+s02 —m )2 /202
P — X X X X x \d
xls) =e oo \V2m0 ’ ) |

[
— _Z (area under a PDF = 1)

P (s) = (20%/2)-smy

252
. , X
Fourier transform: PX (jw) =€ 2 e

—Jwm

89



Transformation of random variables

Given a real valued function f of random variable X

Y = f(X)

Assume that Y is also a random variable.

Also assume that g(-) = f 1(-) exists. Then,

dg(yo)
dy

Py (Yo) = P (9(Yo0))
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Transformation of random variables
Let yo = f(zo) and zo = g(yo)

P($0§X§$0+d$):P(y0§Y§y0+dy)

rotda WYy (n)dy  dy >0
/ Py (x)dr = <
" =T py(y)dy  dy <O
dx - dg(yo)
Py (Yo) = px (o) dy T Px (9(Yo)) »




