ME 233 Advanced Control Il
Lecture 21

Parameter Convergence in
Least Squares Estimation
and
Persistence of Excitation



Estimation of ARMA model

A(g Dy(k) = ¢ 9B(g Hu(k)
W here

u(k) known bounded input

y(k) measured output



Estimation of ARMA model

A(g Dy(k) = ¢ 9B(g Hu(k)

Where
Al =14a1gt+ +ang™ (anti-Schur)

B(g YY) =bo+brg 4+ Fbpg™

e Orders n and m are known
» Relative degree d is known
 a’s and b’s are unknown but constant coefficients




Unknown
parameter vector:

_al

ARMA Model

y(k) = o1 (k—1)6

}n

j|>m+1

Known regressor vector:

¢p(k—1) =

i —y(k_ —1) ]
—y(k—n)
u(k — d)

(ki —d—m),

— n+m+1




ARMA series-parallel estimation

« A-priori output

g°(k) = ¢ (k—1)0(k 1)

0k) = [@1(k) -+ @a(k) Bo(k)-+ Bu(k) |

* A-priori error

e”(k) = y(k) —y°(k)



ARMA series-parallel estimation

* A-priori error

e’(k) = y(k) —y°(k)

e®(k) = ol (k—1)0(k—1)

« Parameter error

(k) =0 — 0(k)



RLS Estimation Algorithm

(k+1) =y(k+ 1) — ¢l (k)(k)

A1 (k)

e(k+ 1) = WO ng(k)F(k)qb(k)e (k+1)
O(k + 1) = (k) /\ik)m)gb(k)e(k 1)
F(k+1) = F(k) — (k) F(k)¢(k)¢! (k)F (k)

A1(k) A1(k) + Xa(k) L (k) F (k) p(k)



Overview

* In Lecture 20 we learned how to analyze the
stability of adaptive systems and proved:

— Convergence of the output error

e’(k) — 0 e(k) — O

« Today we will provide conditions on the input
sequence u(k) thatguarantee that

I(k) = 6 — 0(k)

also converges to zero.



Parameter error convergence

« Rememberthat e°(k) — O

It can be shown thatthe n+m+1 parameter error
also converges: - _
lim 6(k) =6

k— 00

im (k) =6

k—>OO bO
m+ 1




Parameter error convergence

The steady-state parameter error satisfies

E{o(k)¢"(k)} 6 = 0

Regressor I —y(k) |
y(h—n+ 1) }
u(k) }

¢(k) =
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Parameter error convergence

The steady-state parameter error satisfies

E{o(k)¢"(k)} 6 = 0

Where the regressor correlation E{(p(k)ng(k)}
IS:

o 1 Iy N
E{o(k)o ()"} = ngnoo{zN I ICE Rl <k+y>}
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Parameter error convergence

Since the steady-state parameter error satisfies

E{¢(k)e' (k)8 = 0

E{p(k)¢"(k)} =0 mh lim §(k)=0=0

k— 00

The regressor vector (k) is persistently exciting if

E{p(k)¢" (k)} = O



Persistence of Excitation

u(k) I'EE y(k):
\ A(gi Y) \
regressor
oG-D8  ew)
Parameter | O Sk)
Adaptation ! Y ’
Algorithm ]

¢(k) =

—y-(k)
—y(k —n+ 1)

We need to find the conditions that the input
sequence u(k) must satisfy to guarantee

that ¢(k) Is persistently exciting.

E{¢(k)¢T (k)| =0

13
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Excitation matrix

Given an input seguence

u(k) € R

Define the u-regressor of order n:

_u(k—;z+1)_

u(k)
u(k — 1)

.

only present and past
values of u(k) are used

14



Excitation matrix

Given an input sequence u(k) € R

) _

u(k — 1)

_u(k—:n—l—l)_

Define the n x n excitation matrix;

y

1

Cn:]\;lnoo<2]\f—|—1 Z aﬁun(k)%(k%

\ ")

Y T
Time average of Pu. (k)¢ (k)



Persistence of Excitation (PE)

The input sequence u(k)

IS persistently exciting of order n if
the n x n excitation matrix is positive definite

Cn =0

w(k)
u(k —1)

_'u(k——;z%-l) |
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PE Inputs in FIR models

Theorem:

u(k) is persistently exciting (PE) of order n iff

the following holds for all nonzero polynomials

A(q~ 1) of order at most -1

( 1 N 2 )
= |i k
v Nlnoo<\2N+lk:z_:Nw ( )j>>o
where w(k) = A(qg~Hu(k) f

|
w(k) is PE of order 1



PE Inputs in FIR models

Alternate statement of Theorem:
The following are equivalent:
* u(k) iIs PE of ordern

* A(q Yu(k) is PE of order 1 for all nonzero
polynomials A(q ') of degree at most n-1

18
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PE Inputs in FIR models
Proof: Let
Al =ao+arg 4+ +ap_1¢"1

Then

uw(k)
Al Huk) = a0 ag - apy || YD
\ v J | u(k—n—1)
aT \ Y )
p(k)

w(k) = A(g~HDu(k) = a’'¢(k) = ¢" (k)a




PE Inputs in FIR models

Proof (cont’d):
( 1 N
U= lim A >
N—00 k2]\7—|—1k:_
1 N

= |lim {
N—o00 \2N+1k:—

1
—ql | lim ¢

N—oco | 2N 4+ 1

— aTC’na

S alo(k)e! (k)a

w? (k)
N )

Vs

N

N J

N Il

S k)t (k)

-~

20
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PE Inputs in FIR models
Proof (cont’d):

Since U = a’C.a, we see that U > 0, Va #= O
ifand only if C,, = O .

Therefore, U > 0O for all nonzero
polynomials A(g 1) of order at most n-1
ifand only if C', = O




PE Inputs in FIR models

To determine the PE order of a sequence u(k)

1. Find a nonzero polynomial A(q_l) of order n
such that A(g t)u(k) is not PE of order 1

this means that u(k) is PE of order at most n

2. Compute the excitation matrix C,, and verify
that it is positive definite.

22
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Conditions for PE
Examples: Constant input uw(k) =1, Vk

(1 —g Du(k) =0 > uK)isnot PE of

order 2

Cy = lim 2(k)y =1
1= Jm Yan g 2 v >0

—> |u(k) is PE of

order 1




Conditions for PE In FIR Models

Examples: Sinusoid input
Consider the pure sinusoid input

u(k) = sin(wk). O<w<m

[1 —2cos(w)g ! + ¢ 2Ju(k) =0

:> u(k) is not PE of

order 3

24
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Conditions for PE In FIR Models

Examples: Sinusoid input

Let o(k) = [u(k) u(k—1)] .  u(k) =sin(wk).

_ i T
Co = Jim <\2N 1 k§N¢(k)¢ (k)}
( B N N B
S w?(k) S u(k)u(k — 1)
L 1 k=—N k=—N
“ VN 1| X N |
S u(k)u(k — 1) N w(k—1)
k=—N k=—N 1)
1 1 cos(w)




Conditions for PE In FIR Models

Examples: Sinusoid input

B 1 9 _ u(k) is not PE
[1-2cos(w)q ! +¢2u(k) =0 E=p B0

1
Co = =
27 o lcos(w) 1 order 2

1 COS(w)] c0 = |uk isPEof

26
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Conditions for PE In FIR Models

Examples: Sum of Sinusoids

Consider an input that is a sum of m sinusoids,
with m distinct frequencies

w(k) = 3" sin(wi k). O<wi<m

i—1 Wi 7 W

uw(k) is PE of order n = 2m.




Conditions for PE In FIR Models

Examples: Random process

Consider a colored random process

u(k) = G(q) w(k)

where w(k) is white noise and G(q) is nonzero.

u(k) is PE of any order.

28



PE In Filtered Signals

Filtered signals:

Let
- u(k) be PE of order n

 v(k) be the output of the model

v(k) = A(g™H)u(k)
« A(g 1) is anonzero polynomial of degree m<n

v(k) is PE of order r
for some r satisfying.

n—m<r<n

29



PE In Filtered Signals

Filtered signals:

u(k) be PE of order n

1
A(g—1)

Let v(k) = u(k)

A(qg~1) is an anti-Schur polynomial

v(k) is also PE of order n.




PE In Filtered Signals

Theorem

Let v(k) be the output of the model
v(k) = A(gu(k)

where A(g %) is a nonzero polynomial

1. If u(k) is not PE of order n, then v(k) is not PE of
order n

2. If u(k) is PE of order n and A(g Y) has degree m < n,
then v(k) is PE of order n-m

3. If A(g 1) is anti-Schur, then u(k) is PE of order n if
and only if v(k) is PE of order n

31



Interpretation of Theorem

; HA(g™1) \’

Not PE of Not PE of
order n order n
u(k) v(k)

; HA(g™1) \’

PE of PE of
order n order n-m

order m<n

32



Interpretation of Theorem

3. When A(g ) anti-Schur

; A(g™h) \’

Not PE of Not PE of
order n order n
v(k) 1 u(k)

>
/ A(g—1) \
Not PE of Not PE of
order n order n

(this is redundant
with part 1 of the
theorem)

33



PE In Filtered Signals

—1
v(k) = A(g ")u(k)
Preliminary result 1:
If u(k) is not PE of order 1, then v(k) is not PE of order 1

34

Proof:
Let A(g™!) =ao+arg i+ +ap_1¢g7"T1
u(k)
Al Duk)=[ao ar - apy || “FTD
\ v J | u(k—n—1)
T \ )

a )Y

p(k
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PE In Filtered Signals

Proof of preliminary result 1 (continued):
v(k) = A(gHu(k) = a’ (k)

— i 1 Yo
U_JVITOO{QN+1k§Nv (k)}

N
=7 (4 (a3, 2090 ) =aTCu

Since u(k) is not PE of order 1, C; =0

= The diagonal elements of C,, are zero

Since Cp = O, this implies that C, =0

=— U = 0, which implies that v(k) is not PE of order 1
B



PE In Filtered Signals

v(k) = A(g™H)u(k)
Preliminary result 2:

If A(g1) is anti-Schur and v(k) is not PE of order 1,

1
then v(k) is not PE of order 1

A(g—1)

The proof is based on frequency domain techniques for
deterministic signals that are analogous to power spectral
density techniques for wide sense stationary random signals

(see the additional material at the end of this lecture)

36



PE In Filtered Signals
v(k) = A(g~ Hu(k)

Proof of (1):
Let u(k) not be PE of order n

Choose nonzero B(g 1) of degree at most n-1 such
that w(k) = B(q 1) u(k) is not PE of order 1

B(g~Hu(k) = A(g~H)B(g Hu(k) = A(g~Hw(k)

By the preliminary result, A(g 1) w(k) is not PE
of order 1, which implies that B(g %) v(k) is not
PE of order 1

—» V(k) is not PE of order n

37



PE In Filtered Signals

v(k) = A(g™H)u(k)
Proof of (2):
Let u(k) be PE of order n and A(g 1) have degree m <n

Suppose B(qg 1)v(k) is not PE of order 1 where
B(g ) has order at most n-m-1

—> B(q 1)A(q 1)u(k) is not PE of order 1

Since B(q 1)A(g 1) has order at most n-1 and u(k) is
PE of order n, B(q 1)A(g %) is the zero polynomial

Since A(g 1) is a nonzero polynomial,
B(q 1) is the zero polynomial

—» V(k)is PE of order n-m u

38
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PE In Filtered Signals

v(k) = A(g~ Hu(k)

Proof of (3):

By statement (1) of the theorem, if u(k) is not PE of
order n, then v(k) is not PE of order n

It only remains to show that if v(k) is not PE of order n,
then u(k) is not PE of order n

Let v(k) not be PE of order n and choose nonzero
B(g 1) of order at most n-1 such that w(k)= B(q 1)v(k) is
not PE of order 1

This implies that A(g1)B(q )u(k) is not PE of order 1



PE In Filtered Signals

v(k) = A(gu(k)
Proof of (3), continued:
A(q 1)B(g Hu(k) is not PE of order 1

Since A(q 1) is anti-Schur, we use preliminary result 2
to see that B(g H)u(k) is not PE of order 1

Since B(g 1) is a nonzero polynomial
of order at most n-1

— u(k) is not PE of order n

40




ARMA Model (review)

A(g Dy(k) = ¢ 9B(g Hu(k)

W here
A(q_l) =1+ alq_l + .-+ ang " (anti-Schur)

B(g YY) =bo+brg 4+ Fbpg™

e Orders n and m are known
» Relative degree d is known
 a’s and b’s are unknown but constant coefficients

41



Unknown
parameter vector:

_al

ARMA Model (review)

y(k) = o1 (k—1)6

}n

j|>m+1

Known regressor vector:

¢p(k—1) =

i —y(k_—l) |
—y(k —n)

u(k —d)

u(k — d —m)|

42

— n+m+1
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PE in ARMA models

Theorem:

Consider the parameter estimation of the ARMA
system using the LS estimation algorithm. If

. A(q¢™ 1) is anti-Schur

A(g~1) and B(¢~1) are co-prime

u(k) is PE of order n+m + 1

Parameter estimates convergence to the true values



PE in ARMA models - Proof

Simplifying assumption: the parameter error converges

f= lim 8(k) =[ar --- an o -~ bm|

k— 00

Define: the LS output estimation error by

e(k) = ¢p(k— 1)1

W e know that

e(k) — O

44
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PE in ARMA models - Proof

Notice that,
( 1 N )
0= lim 2(k
N—>oo<2N—|-1k_§_:N€ (k)¢
\ — y,
( 1 N )
=01 |im EL—Dol(k—1)V0
N%OO<2N+1]€:§_:N¢( Yo ( ))

— gTCn—I—m—I— 10

Therefore, If we can show that C, .1 ~ 0, we will be able to
conclude that 6 = O



PE in ARMA models - Proof

Notice that
e(k) = ¢ 9B(g 1) u(k) — A(g~Vy(k)

where

AlghH =A@ - A(g1)
= a1t 4+t ang"

B(¢YH=B(@@YH-B@@h
=bo+ -+ bpg™™

46



PE in ARMA models - Proof

From

e(k) = ¢~9 B¢~ ) u(k) — A(g~H)y(k)

e

—dp,—1
yk) = T2 iy

A(g—1)
We obtain

~9B(q7 1)
A(g~1)

e(k) = q 9 B(g ) ulk) — A(g1)? u(k)

1
A(q1)

=q ¢ [B(g DA ) - A(gHB(g Y

u(k) .

47



PE in ARMA models - Proof

e(k) =q ¢ Ig(q_l) A(g™) - A(q_l)B(q_l)} A(q

1) u(k)

Polynomial of order n+m

Notice that since A(g—1) is anti-Schur and

v(k) = g ryu(k)

v(k)

u(k) is PE of order n+m + 1

|

v(k) is PE of order n+m+1

48



PE in ARMA models - Proof

u(k)

W =78 (B a6~ A Hp ] gy

Polynomial of order n+m v(k)

v(k) is PE of order n+m+1

e(k) is PE of order 1 unless

BlgHA(GH -A(g B H| =0

Since e(k) = 0, it cannot be PE of order 1

Therefore, [B(q_l) A(g™H — A(g™H) B(q—l)] —

49



PE in ARMA models - Proof

So far, we know that If

u(k) is PE of order n+m + 1,
then
BlaH AW -A@HB@H]=0
where A(q—1) and B(q¢~1) are co-prime
AgH=A¢H)—AgH)

B(¢Y)=B(g 1) - Bl )

50



PE in ARMA models - Proof
B HAGH-Ag B =0

This equation can be written as follows:

DO* =0
where
_ _ _ T
0= Do+ bm —G1 -+ —an | €R"TTH
and: a; = a; — a;

o1



PE in ARMA models - Proof

0 0 ..
-1 0 fe 0 T bo 0 ..
ay 1 by bo
as aq 0 : by
as 1 bm—l
Un—1 . ai bm bm—l
Qp, An—1 a2 0 by,
0 an : 0 0
. K Qp—1
.0 0 Qp
I 0 0

0 0

0 0

0 0
bo 0
by bo
b1

b1

b,  bm—1

0 bim

52



PE in ARMA models - Proof
DO* =0

A(g~1) and B(¢~1) are co-prime

]

D is nonsingular and 6* = 0O

Therefore, when u(k) is PE of order n4+m 41

Parameter estimates convergence to the true values

53



 Plant:

y(k) =

1.7 |
0.72
0.1

| 0.05 |

Example

¢g-10.1(1+

0.5¢— 1)

(1+0.9¢ H)(1+08¢ 1)

y(k+1) =

c R?

¢(k) =

0" p(k)

—y(k)
—y(k—1)
u(k)

| u(k—1) |

(k)

c R*

 We need u(k)to be a PE sequence of order 4
to guarantee parameter convergence

o4
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Example: Input Random Noise

u(k) . zero mean uniform white noise between [-1,1]

u(k) is PE of any order.

parameter convergence

2 _ 1 :
l// a’l - 0.5+ 6,2
F(0) = 100 % I4 ol I
A1 =099 =1 ) | 05 F
B _ | 0 500 1000 "0 500 1000
T 0.2 _ 0.2
MF: 0.1 O —~
-0.05 o ] { ,6 b2
o1 a-priorl error | 1
0 -0.2

0% 200 400 600 800 1000 0 56 0 1000 "0 560 1000

input:random



Example: Step Input
u(k) = 2*1(1)

u(k) is PE of order 1.

NO parameter convergence

2 x 1
F(0) = 100 % I4 I |09
aj Of R
M =099 =1 G
p.3—oori error, series paralel predict % 500 1000 2% 500 1000
0.2
0.1 0.2
0.1 i ~
: b1
ol | 0.05| , 0
02 a—prlorl error ] ’6
> ' 0 , 0.2 -2
0 500 1000 %0 500 1000

_0'40 200 400 600 800 1000

input:random




o7

Example: Sinusoidal input — 1 frequency

u(k) = 2*sin(t)

u(k) is PE of order 2.

NO parameter convergence

2 : 1
0.5}
F(0) =100 %I, L
0‘ —~
A =099 =1 an
I | % 500 1000 0 500 1000
‘ apr,orl error, §erle§ pargllel predlqtor ‘
0.1 0.2
b1
0.05} - Or
a-priori error ~
P | 0 0.2 b2
0 500 1000 0 500 1000

400 500 600
input:random
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Example: Sinusoidal input — 2 frequencies

u(k) = 2*sin(t)+2cos(2*t)

u(k) is PE of order 4.

parameter convergence
2 L 1

-~ 0.5¢ -~
F(0) = 100 % I4 1Ka1 | a-
0\

A =099 =1
apriori error, series parallel predictor 0 . '05 i
0.3 k k k k 0 500 1000 0 500 1000

0.2

0.2 x 0.2

| | b
-0.1%% ] 0.1y 1 0 / /62

22| a-priori error

-0.3r

0 500 1000 0 500 1000

-0'40 200 400 600 800 1000

input:random




Additional Material
(you are not responsible for this)

* Proof of preliminary result 2

59



PE In Filtered Signals

v(k) = A(g™H)u(k)
Preliminary result 2:

If A(g1) is anti-Schur and v(k) is not PE of order 1,

1
then v(k) is not PE of order 1

A(g—1)

The proof is based on frequency domain techniques for
deterministic signals that are analogous to power spectral
density techniques for wide sense stationary random signals

60
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Stochastic and Deterministic Signals

WSS zero-mean random
signals, X(k) and Y (k)

Deterministic signals, x(k) and y(k)

Aoy () = E{X(k + )Y (%)}

Dyx(w) =F{Ax()}

1 T
Axx(0) = = /_ Dy (@)dw

. . 1 N |
Cay(g) = A;[pm (2N g k:Z_Na:(k +J)yT(k))

\ J

Average value of x(k+j)yT(k) over k

1 ™
Maa(0) = - /_ Waa(w)de
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Stochastic and Deterministic Signals

U(e/“) , Y (e7%) _
4>| G (&™) where G(z) is stable

WSS zero-mean random Deterministic signals,
signals, U(k) and Y(k) u(k) and y(k)

Dy (w) = G(ejw)CDUU(w)G*(ejw) Wy (w) = G(ejw>wUU(w)G*(€jw)

Scalar U(k) Scalar u(k)
and Y (k) and y(k)

Byy (W) = |G() Py (w) W,y (@) = (G PW ()




Proof of Preliminary Result 2

Let

« A(g-1) be anti-Schur

* v(k) not be PE of order 1
* u(k) be generated by

v(k) _‘ 1 u(k)

A(g1)
\

stable

2
< M, VYwe|O,2n]

Choose M such that |A(€jw)

63
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Proof of Preliminary Result 2

v(k) 1 u(k) L

—_— A(q_l)'—> |A(6jw) < M, VYwe]l0,2n]
1 m 1 1 |?

I’uu(O) p— %/_ﬂ- \Ifuu(w)dw = %L A(e—jw) \IJ,U,U((,Q)] dw

1 ™
< M—/ Woo(w)dw = MTyy(0)
21 J—7

Therefore, we have

0 < Tuu(0) < MT4y(0)



Proof of Preliminary Result 2

0 < TIMyu(0) < MT 4y(0)

v(k) not PE of order 1

—

ww(0) =0

0 <Tluu(0) <0

Muwu(0) =0

u(k) not PE of order 1

65




PE Inputs

To determine the PE order of a sequence u(k)

1. Find an annihilating polynomial An(q_l) of
order n such

An(q~Hu(k) =0

this means that u(k) is at most PE of order n

2. Compute the excitation matrix

Cn = E{¢pu,(k)oL (k)} = O

and verify that it is positive definite.

66



Persistence of excitation for
ARMA model identification

u® y(k)
i)
regressor
kDY o)
Parameter |0
Adaptation T Y (]?)
Algorithm ]

We need to find what conditions must the input

¢(k) =

—y.(k)
—y(k p 1)

u(k — d)

i u(k—;n—d) |

sequence u(k) satisfy so that ¢(k) is
persistently exciting.

67

]W

E{¢(k)¢T (k)| =0



Given:

y(k) =

PE in ARMA quels

—y.(k)
—d 1 ol
¢ 9B(g~1) y(k —n+1)
k —
A D o=
_u(k—;n—d)_

}m+1

* u(k) Is bounded

. A(¢™1) is schur

u(k) is PE of order n+m + 1

¢

E{¢(k)¢"(k)} > O

68

« A(¢~1) and B(¢~ 1) are co-prime



Derivation of Results
. Determine conditions on the input sequence

u(k) € R

For the parameter convergence of a Moving
Average (MA) model

y(k) = ¢ 9B(¢ 1) u(k)

For the parameter convergence of an ARMA
model

Al Hylk) = ¢ 9B 1) ulk)

69
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Statistical Interpretation of LS Estimation
Stochastic Model

y(k) = ¢' (k — 1) 0 + e(k)

W here

Y ( k) observed output

e(k) zero-mean noise
o) = [ p1(k) -+ dn(k) |

}T

regressor

0=|01 -~ On

unknown parameter vector
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Statistical Interpretation of LS Estimation

Assumptions:

. E{€(k)} =0 Zero-mean

. Independence or orthogonality:

E{¢(k)e(k)} = E{o(k)}E{e(k)} =0

. Ergodicity

o 1 I T |
B{¢(k)o(k)T} = ngwoo{zN 71,2 Sk </~c+g>}
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Statistical Interpretation of LS Estimation

Collect data for k observations:

y(k) = ¢' (k— 1) 0 + e(k)

y(1) ] [ 61(0) o 6a(0) L ey
v@) | _ | e () L@
Liw] Low-1) - s-n] |, | Law]

v (k) &T (h—1) —— &k



LS Statistical Interpretation

Collect data for k observations:

Y(k) =l (k—1)0+ E(k)

W here
v = [y@) - k)] eR*
Dk —1) = :qs(O)..-qs(k—l)}eR”X’f

Ek) = [e@) - )] R

0= 0 ~-@JT6R”
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LS Statistical Interpretation

®(k— 1)

$(0)--p(k—1) | e RM

 $1(0) -+ p1(k—1)
$2(0) -+ ¢Po(k—1)

i an(O) an(k_ 1) 1



Deterministic Least Squares Estimation

Parameter estimate after k£ observations: 6(k)

Which minimizes the following cost functional:

k
VOGR) == 3 [y(G) — 676G - 1))
2 =

Notice that 6’(k‘) IS kept constant in the summation
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Deterministic Least Squares Estimation

A(k) :Parameter estimate which minimizes
V(0(k))

Is given by the Normal Equation:

d(k— 1Pk — 1) (k) = d(k — 1) Y (k)
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LS Statistical Interpretation

Normal equation:

d(k—1)d(k— 1)1 (k) = d(k— 1) Y (k)

Stochastic model:

Y(k) =l (k—1)0+ E(k)

Parameter error vector:

(k) =6 — (k)
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LS Statistical Interpretation

Substitute the stochastic model

Y(k) =l (k—1)0+ E(k)

Into the noM

d(k—1)d(k— 1)1 (k) = d(k— 1) Y (k)

To obtain:

d(k— 1P (k—1)0(k) = -k — 1)E(k).




LS Statistical Interpretation

d(k— 1P (k—1)0(k) = —d(k — 1E(K) .

Notice that
®(k—1) = | $(0)---¢(k—1)

ey = [e) - k)|

Therefore,

(k—1 k
Z ¢(y>¢%) >9(k> =3 6@ — 1)e(y)

L= j=1

N\




80

LS Statistical Interpretation

Assume now that the parameter error converges:

0= lim 6(k)

k— o0

Multiply by /% and take limits as k — 00

1k—1 _ 1 k
im §= 3" (e () pO(k) = — lim =3~ 6 — 1)e(4)
k =0 k=1

k— 00 k— o0

o

lim lqub(j)qu(j) 9= — tim {1
k— 00 kj=0 k— 00 kj

1

¢(J — 1)€(j)}




LS Statistical Interpretation

im $ =3 ¢()e' (1) 1 0= — lim { =3 6(j — 1)e(4)

k— o0 k— o0

By Ergodicity,

E{p(k)e" (k)} 6 = —E{¢(k)e(k+ 1)}
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LS Statistical Interpretation

E{¢(k)¢"(k)} 6 = —E{p(k)e(k+ 1)}

If &(k) and e(k) are independent or orthogonal,

~E{¢(k)} E{e(k+ 1)}
= 0

E{¢(k)e(k+1);

Since, E{e(k)} = 0



LS Statistical Interpretation

The parameter error vector satisfies:

E{¢(k)o' (k)} 8 = 0O

Thus, a sufficientconditionfor § = (Q s that

E{¢(k)¢"(k)} >0  (positive definite)
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LS Statistical Interpretation

We now define the Excitation matrix (', € RNXN

Cn = E{¢(k)¢’ (k)]  o(k) eR"
k— 00

1 k—1
= Iim { =Y 9o’ ()
k=
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LS Statistical Interpretation

Theorem:
Under the conditions:

y(k) = o' (k — 1) 0 + (k)
E{e(k)} = 0O

« E{p(k—De(k)} = E{¢(k—1)} E{e(k)} =0=0
If the excitation matrix Ch IS positive definite,

the parameter error vector of the least square algorithm
converges to zero.

= lim (k) =0

k— 00



Persistence of Excitation (PE)
Persistently exciting regressor: ¢(k) € R"

There exist finite constants:

0<m

0<p1 <po <@

For all k£

k+m
poln> Y d())o()! > p1In

j=Fk
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Persistence of Excitation (PE)

Persistently exciting regressor: ¢(k) € R"

k+m

poIn > 3 d(NG) > p11n
j=k

(k+m

0 < p1 < Amin § Z
 J=k

(k+m

00 > po > Amax ¢ Z
 J=k

OrON

/

~”

o(NdG)T

/

for all k£

and a fixed m
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PE In Moving Average (MA) models

Finite Impulse Response (FIR) model:
y(k+1) = B(g~ ) u(k)

= boulk)+---+b,_qu(k—n—+1)

= 0" ¢(k)
where
T
0 = |[bo by by1| €R"
p(k) = |u(k) u(k—1)-- u(k—n+1)}TeR”



Conditions for PE In FIR Models

Persistently exciting input sequence:

uw(k) Is persistently exciting (PE) of order n

If the regressor vector

o) = [ulk) ulb—1) - wlk—n+1) |

IS persistently exciting

e R"
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Conditions for PE In FIR Models

For a persistently exciting input sequence (k)
with regressor

]TER”

o(k) = |u(k) u(k—1)- u(k—n+1)

The excitation matrix Cn Is a Positive Definite Toeplitz
matrix

Co=| = = = Blu(t)uCk+i— 1)

Ciln " Cnn = Ruyu(t—J)
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