ME 233 Advanced Control Il
Lecture 20
Stability Analysis of a discrete-time

Series-Parallel Least Squares
Parameter Identification Algorithm



ARMA Model

Consider the following system

A(g Dy (k) = ¢ 9 B(gHu(k)
W here

w(k) known bounded input

y(k) measured output



ARMA Model
A(gHy(k) = ¢ 9 B(g~ Hu(k)
A(q_l) =1+ alq_l + -+ ang " (anti-Schur)

Blg ) =bo+big 4+ +bmg™

Orders n and m are known

a’s and b’s are unknown but constant
coefficients



ARMA Model

ARMA model can be written as:

yk+1) = =) aqylk—i+1)+ ) bulk—i—d+1)
i=1 i=0
= 0" ¢(k)
W here:
— T n+m-+1
9-[&1 oo anp borrr bm ER

ok) = [~y(k) -+ —ylb—n+1) uk—d+1) - ulk—d—m+1)]



Series-parallel estimation model

A-posteriori series-parallel estimation model

Jh4+1) = - a4+ 1)yl —i+ 1)
1=1

+ 3 bk 4 D) u(k—i—d+ 1)
W here =0

y(k) a-posteriori estimate of y(k)
. Zii(k) estimate of ¢ at sampling time %

. Ez(k) estimate of b; at sampling time k



Series-parallel estimation model

A-posteriori series-parallel estimation model

glk+1) = 0" (k+1) (k)

Where

y(k) a-posteriori estimate of (k)
3 . . - - T
O(k) =[ay(k) - an(k) Bo(k) - bm(k) |

ok) = [y(®) -+ —yl—n+1) ulk—d+1) - ulk—d—m+1)]




Series-parallel estimation model

A-priori series-parallel estimation model

7°(k+1) = 0" (k) ¢(k)

Where
y°(k)  a-priori estimate of gy (k)
0(k) = [ar(k) - an(k) Bo(k)--- Bm(k) |

ok) = [y(®) -+ —yl—n+1) ulk—d+1) - ulk—d—m+1)]




Additional Notation

« Unknown parameter vector:
0:[@1 o an by bm}T c rntm+1

« Parameter vector estimate:
(k) = | a1(k) - an(k) Bo(k)--- bm(k)

« Parameter error estimate:

}T

J(k) = 0 — (k)

* Regressor vector:
o) =[~y®) -+ —ylh—n+1) wlk—d+1) - uk—d—m+1)]



Additional Notation

* A-posteriori output estimation error:
e(k) = y(k) —y(k)

0* (k)p(k — 1)

« A-priori output estimation error:
(k) = y(k) — 7°(k)

0l (k — 1)p(k — 1)
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Parameter Adaptation Algorithm (PAA)

A-posteriori version

« Parameter estimate update

O(k+1) =0(k) -

e Gainu

1k

1
A1 (k)

ndate

1) = A (k) F~1(k)

« We make the restriction

0 < Mk)<1

F(k)p(k)e(k + 1)

Ao (k) (k)" (k)

OSAQUC) < 2



PAA Special Cases

ok + 1) = 0(k) Altk)m/«)qﬁ(k)e(kﬂ)

F=Hk + 1) = A\ (k) F~H(R) + M2(k) ¢(k)¢" (k)
 Least squares

A(k) =1 Ao(k) =1

« Least squares with forgetting factor

O< (k) <1 M(k) =1

« Constant gain
A1(k) =1 Ao(k) =20

11



Example

 Plant:
1 1
g +0.1(14+0.5¢7 %)
— k
v = 1 F 00 1)1 + 08¢ D) "M
AT
y(k+1) = 60" ¢(k)
1.7 —y(k)
| o072 | —y(k—1)
=1 01 o(k) = | 7y
- 0.05 | - u(k—1)

12
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Example: Constant gain
u(k) . zero mean uniform white noise between [-1,1]

F=100x1I,4
parameter convergence
2 _ 1 _
a1 a2
apriori error, series parallel predictor 1t ] Ot ]
0.3 x L L x W
0] | W
: _1 :
500 1000 0 500 1000
0.5
-0.2} 1
03] a-priori error 0 - - OWWW
04 200 400 600 800 1000 b 1 /62
input:random
-0.5 ; -0.5

0 500 1000 0 500 1000



Example: Least Squares
u(k) . zero mean uniform white noise between [-1,1]

F(0) = 100 % I,

apriori error, series parallel predictor

a-priori error

0.2

0.1

200

400 600 800
input:random

1000

parameter convergence

500

1

14

500

1000

1000
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Example: Least Squares & forgetting factor
u(k) . zero mean uniform white noise between [-1,1]

F(0) = 100 % I,

A1 =099 =1

0.1

apriori error, series parallel predictor

0.05

O I
-0.05

01 a-priori error

-0.15

0 200 400 600
input:random

800

1000

- 0.2

parameter convergence

500

1000

ij

b1

500

1000

-0.5

-0.2

1

0.5 as

O .

0 500 1000

0.2

Or ~

b

0 500 1000



Theorem
Under the following conditions:

1. The input u(k) is bounded, i.e. |u(k)| < o<
2. A(q™ 1) is anti-Schur

3. Maximum singular value of F(k) is uniformly bounded

lim e(k) =0 and lim e°(k) =0

k— 00 k— 00

16
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Parameter Adaptation Algorithm (PAA)

Since the unknown parameters are constant and

(k) =0 —0(k)

the PAA
Ok + 1) = 0(k) - /\ik)m)qs(k)e(ml)
iImplies that

Gk + 1) = B(k) /\ik)ﬂk)qﬁ(k)e(k +1)



A-posteriori dynamics

* Error dynamics

e(k+1) = 6 (k+ 1)é(k)
N )
Y

m(k+1) = —w(k+1)

« PAA

Gk + 1) = B(k) /\ik)ﬂk)qﬁ(k)e(k +1)

Foi(k 4+ 1) = A (k) FH(E) + Ao (k) o(k)o! (k)

18
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Equivalent Feedback Loop

0 + m(k+tl) e(k+1)

NL |«

m(k+1) = 0 (k+ 1)p(k) = e(k + 1)

wk+1) = —m(k+1)
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Equivalent Feedback Loop

0 + m(k+]) e(k+1)
>O - 1 >
_ A

w(k+1)

NL |«

NL:

G(k + 1) = (k) /\ik)ﬂk)qﬁ(k)e(k +1)

wk+1) = —¢(k)10(k+ 1)

Foi(k 4+ 1) = M (k) F71(k) + Mo (k) 6(k) o (k)



Stability analysis using Hyperstability

e(k+1)

0 + m(k+l)
:Q >

1

w(k+1)

NL |+e—

1. Verify that the LTI dynamics are SPR

2 Verify that the PAA dynamics are P-class



Good News: LTI “very” SPR

0

+

_ A

m(k+1)

w(k+1)

1

NL

e(k+1)

1. Verify that the LTI dynamics are SPR

e(k+ 1)

= m(k+1)

G(z)

1

Always SPR

22



NL:

Bad News: NL I1s not P-class

0 + m(k+l)
:Q >

1

e(k+1)

w(k+1)

NL

« Unfortunately the NL block is not P-class

N—

~ -
Gk +1) = (k) —

F(k)p(k)e(k +1)

A1 (k)

wk+1) = —¢(k)10(k+ 1)

Fl(k+1) = M (k) F71(k) + 2o (k) (k) p! (k)

23



Solution: Modify the NL block

« Add a feedback term to NL to make it P-class

NL1: T |
i 2 i
w(k+1) i e(k+1) - | + i s(k+1)
) ; NL |« O
N

Y w(j)s(G) > —2

j=0



25

Modifying the NL block

« Add a feedback term to NL to make it P-class

NL1: [ 5
i 2 i

w(k+1) i e&) -1+ i s(k+1)
. ; NL |« O«

Fl(k+ 1) = A1 (k) F (k) H (k) o(k)o! (k)

Proof: See Additional Material at end of this lecture
(the class notes on bSpace are incorrect)




What happens to the feedback structure?

« Add and subtract the same blocks:

0 + m(k+1) e(k+1)
_=C“> > 1 >

/
0 + m(ktl) e(k+1)
:O > 1 >

= \=

k+1
|w( ) . /

A =sup Ax(k)
k

w(k+1)
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What happens to the feedback structure?

 Rearranging blocks,
0 +  mk+l) e(k+1)
-=Q 1 >
+ v +
A O
= v(k+1)
- ¢ +
A O
2
Aah "y
2 s(k+1)
Aoth) "ol
2
w(k+1)
NL

...........................................

0+ m(k+1) e(k+1) | i u(k+])
_:Q Z :O ;
g N i I 5
L1 5
A W) :  NL:
—_ 2 /
w(k+1) -y + Es(k+1) +
; NL —O——0r
| L
— 1 7
NL:2 : 3 (A —7L2(k))—
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What happens to the feedback structure?

 Rearranging blocks,
0 +  mk+l) e(k+1)
-=Q 1 >
+ v+
A O
2 o(k+1)
- "+
A O
2
[ h A
1 2
P o= o o mom m m em SSREDL
| s (k) AT
[ 2
; w(k+1)
| NL
[

...........................................

0+ m(k+1) e(k+1) |  u(k+])
_:Q Z :O ;
> N _I :
Li 5
L 2 '
wikrn| | -I +istk+D +
: ! NL 4—0: I' <
2L i )
P
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What happens to the feedback structure?

 Rearranging blocks,

0 +  mk+l) e(k+1)
-=Q 1 >
+ \ 4
A O
I B P23 B
. I
B
|
|
: [ au AT
] L2 <Tﬁ ,
P Y - (= ) J
L, Ao(®) 3
: T
w(k+1)
NL

...........................................

0+ m(k+1) | e(k+l) , i uv(k+l)
“o———| 1 ——0-
g i _I 5
Li ! 5
Dot . NLi
wk+D)| | ) isthtD) 4
\ 5 NL = M
i \_____ """" Le
el I e
NL: | |5 (A =A,0)
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What happens to the feedback structure?

0 +

 Rearranging blocks,

m(k+1) e(k+1)
A 1 ”
+ v +
A O
24 v(k+1)l
-+
1 A O
2
+ "+
s(k+1)
-y +
> 7\42(]3) ,\f)
2
w(k+1)
NL |«

0 + m(k+1)§ e(k+1) , v(k+1)
~O—— | 1 0
- X ]
Li 5
A W) :  NL:
2 rd
w(k+1) - +§s(k+1) +
; NL 0
| L
— 1 e
NL: — (A=A




Can we now use Hyperstability Theory?

w(k+1)

NL:2

| 1
1= (k= Ay0)

v(k+1)

—>

For Asymptotic

Hyperstability:

1. L, must be SPR

2. NL, must be
P-class

31



Linear Block L;

w(k+1)

NL:2

!

Q

- +§s(k+1) +

A = sup Mo (k)
k

L, is SPRiff

sup (k) < 2
k

32



Nonlinear Block NL,

...........................................

mk+1)§ e(k+1) v(k+1)

wk+D) | §

+

A =sup (k)
k

NL, :

Feedback combination
of two blocks:

1. NL, : P-class

2. L, :P-class

Therefore NL,
IS P-class

33



Hyperstability Theorem

w(k+1)

NL:2

I

e< A(k)<1
OS)\Q(/{)<2—€

for some € > O

| 1
'7(7\, —7\2(k))

Then
1. L, is SPR
2. NL, is P-class

Therefore:

The interconnection
IS asymptotically
hyperstable

34



Hyperstability Theorem

w(k+1)

NL:2

I

e< A(k)<1
OS)\Q(/G)<2—€

for some € > O

| 1
'7(7\, -K2(k))

Then

v(k) — O
m(k) — O

e(k) — O
y(k) — y(k)

35



A-posteriori error convergence

We have concluded that the a-posteriori output
error converges to zero:

klim e(k) =0
where
e(k) = y(k)—y(k)
= 0(k)* ¢(k)

What about the a-priori output error?

36



A-posteriori error convergence
* Notice that

A1 (k)
A (k) 4+ o1 (k)F(k)p(k)

e(k+1) = e’(k + 1)

» Therefore, e(k) — O does not necessarily
imply that e°(k) — O

« To prove e°(k) — O, we need to first show

|p(k)| < oo Vik>0

37



Boundedness of the regressor vector

Remember that:

38

o) =[~y®) - —yk—n+1) ulh—d+1) -+ uwk—d—m+1)]

Therefore,

lp(k)||? = Zyz(k—z+1)+2 u?(k—j—d+1)

7=0

By assumption,

[u(k)| < o Vk>0



Boundedness of the regressor vector

Since

lp(k)||? = Zyz(k—z+1)+2 u?(k—j—d+1)

7=0

and,

lu(k)| < oo Vk>0

we only need to show that

ly(k)| < oo Vk>0

39
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Boundedness of the regressor vector

Remember that:

() = B

A(g—1)

and A(q~1) anti-Schur.

(k)

—dB —1
Therefore LTI system G(g~1) = 1 (_ql )
s BIBO A(g™)

Thus,

u(k)] < 00 = Jy(k)| < oo




Additional Material
(you are not responsible for this)

* Proof that NL, Is P-class

41



NL:

42

Equivalent feedback loop (review)

0 + m(k+l)

e(k+1)

1

w(k+1)

NL |+e—

« Recall that the NL block is not P-class

N—

~ -
Gk +1) = (k) —

F(k)p(k)e(k +1)

A1 (k)
wk+1) = —¢(k)10(k+ 1)

Fl(k+1) = M (k) F71(k) + 2o (k) (k) p! (k)
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Solution: Modify the NL block (review)

Add a feedback term to NL to make it P-class

NL1: T |
i 2 i
w(k+1) i e(k+1) - | + i s(k+1)
) ; NL |« O
N
k

W e want to show:

Y w(j)s(G) > —2

j=0
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Simplified Notation

p = 0(k) p = 0(k)
b = (k) e, = e(k)
wy, = w(k) s, = s(k)

A e = A1 (k) Ao = Ao (k)

F, = F(k)



Proof that NL, Is P- class
| Ae®
2
w(k+1) i e(k+1) - | + is(k+1)
< ' NL |« -
NL1/
* From the summing junction, we have
A2 k
¢+l = Skl T 5 Wkl
. L A2k
Sk4+1 = €41 W41

2

45



Proof that NL, Is P-class
Opr1 =0k — A] kafbkekH
NL: = Wpt1 = —¢1 Opy1

L Bt = A 4 Ao kol

* Multiply the input of NL, by its output

2Wk415k+1 = W41 [2€k+1 T )\z,k’wkﬂ\
\_Y_’

—ég+1¢k —¢£§k+1

2wp 415541 = Ofy 1 [/\z,kcbkcb;ﬂ Ok+1—20} 11 drer+1
Y ) \_Y—’

_ _ 1, ~
Fk+1 A Byt A ily " (O — Okg1)

46
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Proof that NL, Is P-class

 From the previous slide

_ ~11 »
2wp 15541 = Ohgr |[Figer — My | O

+2A1 1 §%+1F;;l(§k+1 — 0k)

= Opp1 Fi 1 Ok
AN 4 | =0l FTY0 .+ 20 FN(0. 1 —8))
1,k k+14E Yk+1 E+14k k+1 k

Define A = gk — gk—l—l
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Proof that NL, Is P-class

. . A=0.—-0
 From the previous slide ko Tkl

Al —1
2wp415k4+1 = Oy 15510k 41

—1j ~1
A |Fog 1 B ks + 20041 Fp M A

— 9k—|—1Fk+19k—|—1
- T 1/~ 1
ALk [(ek“ +4) F ' (fp1+4) - ATF, A]
\ Y ) \ Y
Ok O



49

Proof that NL, Is P-class

. . A=0.—-0
 From the previous slide ko Tkl

7] 1
2wk+1sk+1 — 9k+1Fk+19k+1 Al ka F Gk-l_)\l kA F JAN

\ ] \ )
Y Y
AT ——17
because because
—1
)\l,kél Fk >~ 0
)\l,k>0

« Therefore

QWi 15k4+1 > Opp 1 Fp 1 On1 — 01 Fy M0,



Proof that NL, Is P-class

Lizr o1 5 AT —17
W+15k4+1 = 5 OF 1 Fy1 Or1 — O 8

* Now check the Popov inequality
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