ME 233 Advanced Control I
Lecture 18

Stability Analysis Using
The Hyperstability Theorem



Adaptive Control

Basic Adaptive Control Principle

Controller parameters are not constant, rather,
they are adjusted in an online fashion by a
Parameter Adaptation Algorithm (PAA)

When is adaptive control used?

« Plant parameters are unknown
« Plant parameters are time varying



Example of a system with varying parameters
Temperature control system

desired
flowrate

®hot I gg\r’:ltro”er - agitator
o N\
u(t) G7>
A / q
/®cold
temperature 1
controller ) measured temperature
d q kq
—0(t) = — = 0(@) + — ult—1ty)
a’ V= Ty



Adaptive Control Classification

 Continuous time VS discrete time

 Direct VS Indirect

* MRAS VS STR



Model Reference Adaptive Systems

U(t)

/

(MRAS)
4
reference % .
model l
____| parameter | et) + O
adaptation " N4
| algorithm |«
" o4 u(t) t)
adjustable Y
. controller *| plant



Self-Tuning Regulators (STR)

performance

specification

reference

plant

parameter estimates

Vo 0(k)
controller y(k)
design >
—| model —
) identification
"| adjustable u(k) y(k)
controller > plant >
¢

e(k) = y(k) —y(k)



ldentification of a LTI system

‘ q'd B(q'5 Yy (k)

A(T)
u(k e(k) v
® pPAA  |—0
0(k) Y )
q-dl/?\(q'l,t) y(k)
] fl\(dft)

Parallel model



ldentification of a LTI system

u®) y(h)

A(9)

regressor

Y B
Parameter |* O a 7
Adaptation ) 1 (k)
Algorithm "

Series-parallel mode

(We will use this model throughout this lecture)



Plant ARMA Model

Plant model

Alg Dy(k) = ¢ *B(g Hu(k)

where

A(gh) = 14ag +- Fang™"

B(gl) = bo+big i+ +bng™



Unknown plant parameters

Assume ARMA model parameters are unknown

y(k) = —ary(k—1) - — any(k —n)

+ bou(k—d)---+ bmulk—d—m)
Define:

gz[al oo an bo .- bm}T

As the unknown parameter vector
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Regressor vector

Collect all measurable signals in one vector

y(k) = —ayy(k—1)---— any(k —n)

+ bou(k —d) -+ bmul(k —d—m)

We define

¢k —1)=[-y(k—-1) - —y(k—n)
wlk —d) - u(k—d—m)]*

as the known regressor vector




Plant ARMA Model

Plant model

y(k) = ¢ (k—1)0

gz[al oo an by --- bm}T

¢pk—1)=[-y(k—1) --- —y(k—mn)
w(k —d) -+ u(k —d—m)]*
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Plant ARMA Model

Plant estimate (series-parallel)

g(k) = o' (k — 1) 0(k)

where

~ R R ~ ~ T

0(k) = | ay(k) -+ an(k) bo(k) -+ bm(k)
p(k—1) =[-y(k—1) -+ —y(k—n)

w(k —d) -+ u(k —d—m)]*



Plant output estimate

Plant a-posteriori estimate

g(k) = o' (k — 1) 0(k)

Plant a-priori estimate

§°(k) = ¢ (k — 1) 0(k — 1)

14



error.

Plant a-posteriori error
y(k) = ¢' (k—1)0
(k) = ¢' (k — 1) (k)

e(k) = y(k) —y(k)

e(k) = oL (k — 1) [9 _ é(k)}

= ¢! (k- 1)0(k)
J(k) = 0 — 0(k)

15
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A Parameter Adaptation Algorithm

PAA

O(k) =0(k—1)

F=FTv 0

Fo(k—1)e(k)

Parameter error update law:  0(k) = 0 — 0(k)

0(k) =0(k—1) — F¢(k — De(k)
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Adaptation Dynamics

a-posteriori error: e(k) = y(k) —g(k)

e(k) = ¢* (k — 1)0(k)

Parameter error update law:  0(k) = 0 — 0(k)

0(k) =0(k—1) — F¢(k — De(k)
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Adaptation Dynamics

0 + —e(k) v(k)

—»O > 1 >
_____ ok
N (e B
e(k) | ‘ :
gk — 1) p(k—1)

paa: O0(k) =0(k—1) 4+ F ¢k — 1)v(k)



Convergence of Adaptive Systems

Adaptive systems are nonlinear

We need to prove that the algorithms converge:

« Qutput error convergence e(k) — 0O

e(k) = y(k) — y(k)

- Parameter error convergence 0(k) — O

(k) =6 —0(k)

19



Output error Convergence

Our first goal will be to prove the asymptotic convergence of the
output error:

e(k) — 0O

Two frequently used methods of stability analysis are:
« Stability analysis using Lyapunov’s direct method
— State space approach

« Stability analysis using the Passivity or Hyperstability
theorems

— Input/output approach

20
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Hyperstability
Hyperstability Theory

« Developed by V.M. Popov to analyze the stability of a class
of feedback systems (monograph published in 1973)

o + Y v
-O . LTI .
. A
Y P-Class
nonlinearity

« Popularized by I.D. Landau for the analysis of adaptive
systems (first book published in 1979)



Hyperstability Theory
Hyperstability Theory

* Applies to both continuous time and discrete time systems

o + Y v
-0 - LTI >
Y \
v P-Class
nonlinearity

« Abuse of notation: We will denote the LTI block by its

transfer function



CT Hyperstability Theory
G(s)=C(sI — A 1B+ D

0o + U v(t)
»O > G(S) >

. A

l
(®) P-Class

NL

« A state space description of the LTI Block:

d
ax(t) = Ax(t) + Bu(t)

v(t)

Cx(t)+ Du(t)

23



CT Hyperstability Theory

0o + U

~O

- A

w(t)

G(s)

v(t)

P-Class
NL

>

e P-class nonlinearity: (passive nonlinearities)

{
/O wlvdr > —73

Vit >0

W here Yo is a constant which is a function of the

Initlal conditions

24



CT Hyperstability Theory

v(t) w(t)
.| P-class .
nonlinearity
Lo y
/Ow vdr > —v; vVt >0

W here Yo is a constant which is a function of the
Initlal conditions



Example: Static P-class NL

v(t) »

w = f(v)

vf(v) 20

f(v)

w(t)

f(v)

26




Example: Static P-class NL
f(v) 1

w = f(v)

27

vf(v) 20

t t
/vade/Of(v)fud7'20>—’y§

Vs

>0
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Example: Dynamic P-class block

o(t)

P-NL

w(t)

F

d ~
£9(t) = F¢(t)v(t)

w(t) = o1 (£)0(t)

F=FlTyv 0

o(t) e R"
9(0) e R™
0(0)] < oo
p(1)| < oo




Example: Dynamic P-class block
w(t) = ¢' ()O(2) J(t) = F ¢(t)v(t)

t . t T _
/O w(F)v(r) dr = /O T (P)0(r)o(r)dr

= [ 6] dr
F_lg(T)

=2 Ot% (07 (1) F19(r) ) dr

— %”T(t)F—l'é(t) — %"T(O)F_lg(())

\ J/
~"

2
2 B
> =5 ?
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Example: Passive mechanical system

Input Is force and output is velocity

Mw—+ Bw+ K =wv vy

v(t) »

force

w(t) = x(t) /
..... K > ?
_ow YVV "/
= e
OO
S S S S
passive w (t)
mechanical >
system velocity




Example: Passive mechanical system
Input Is force and output is velocity

Mw+ Bw+ Kx = v w(t) = x(t)

T = W o) K

— M

AN

System Energy:

OO B
S S S S S S SSS

B(t) = %sz(t) n %Ka:z(t) >0



Example: Passive mechanical system
Input Is force and output is velocity .

32

NN\

wit) = X1
E(t) = ~Mw?(t) + ~K22(t) >0 Y “/\Ij\/
B
. .. OO
Differentiating energy S S

E = Muw 4+ Kxw

= [-Kxz — Bw+v]w+ Kzw

:—%U—BwQ—I—wU—I—K/é



Example: Passive mechanical system
Input Is force and output is velocity .

33

NN\

wit) = X1
E(t) = ~Mw?(t) + ~K22(t) >0 Y “/\Ij\/
B
. .. OO
Differentiating energy S S

E = —Bw2+wv

wsz—I—Bw2
\_Y_’

power input



Example: Passive mechanical system

Input is force and output is velocity wit) = 4t
1 1 v(t) Ny
E(t) = EMwQ(t) + §K5132(t) >0 — M Vv

Integrating power,

34

NN\

OO B
S S S S

t
/;wvdT
0

— E(t)—E(O)—I—/OthQ(T) dr

2
Z —Yo

v2 = E(0) >0




Examples of P-class NL

Lemma:

 The parallel combination of two P-class
nonlinearities is also a P-class nonlinearity.

o0




Examples of P-class NL

Lemma:

 The feedback combination of two P-class
nonlinearities is also a P-class nonlinearity.

v(1) o

. A

NL

w(t)

NLo
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CT Hyperstability

0o + U@ v(t)
-O | GG -

w(t)

P-Class
NL

Hyperstability: The above feedback system is hyperstable if
there exist positive bounded constants 071, 0o such that,
for any state space realization of G(s),

[z(t)] < 61 [|[x(0)] + d2] Vt>0

FOR ALL P-class nonlinearities
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CT Asymptotic Hyperstability

0

L u)

- A

w(t)

G(s)

v(t)

P-Class
NL

Asymptotic Hyperstability: The above feedback system is
asymptotically hyperstable if

1. Itis hyperstable

2. For all signals

of G(s),

lw(t)] < oo
any P-class nonlinearity), and any state space realization

lim x(t) =0

1— 00

(l.e. bounded output of



39

CT Hyperstability Theorems

0 +

u(t)

- A

w(t)

G(s)

v(t)

P-Class
NL

Hyperstability Theorem: The above feedback system is
hyperstable iff the transfer function G(s) of the LTI block

IS Positive Real.

Asymptotical Hyperstability Theorem: The above feedback
system is asymptotically hyperstable iff the transfer
function G(s) of the LTI block is Strictly Positive Real.
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CT Positive Real TF

G(s)=C(sI — A 1B+ D

Is Positive Real iff:

1. G(s) does not have any unstable poles (l.e. no Re{s} > 0).

2. Any pole of G(s) that is in the imaginary axis does not
repeat and its associated residue (l.e. the coefficient
appearing in the partial fraction expansion) is non-
negative.

3. 2Re{G(jw)} = G(jw) + G' (—jw) >0

for all real w’s for which s =j w is not a pole of G(s)



Strictly Positive Real (SPR) TF

G(s)=C(sI — A 1B+ D

Is Strictly Positive Real (SPR) iff:
1. All poles of G(s)are asymptotically stable.

2. 2Re{G(jw)} = G(jw) + GT (—jw) > 0

for all W, O<w<x
Example:
s+ 1
Gs) = 5ot
s«+3s+1

Real Axis

41



Strictly Positive Real (SPR) TF

For scalar rational transfer functions

B(s)
A(s)

G(s) =

1. All poles of G(s)are asymptotically stable.

2. Re{G(jw)} >0 forall w, 0<w < 0

Nyquist Diagram

Note:

A necessary (but not sufficient)
condition for G(s) to be SPR is that

its relative degree must be less than or
equal to 1.

Real Axis

42



Kalman Yakubovich Popov Lemma

G(s)=C(sI — A 1B+ D

|s Strictly Positive Real (SPR) if and only if

there exist a symmetric and positive definite matrix P,
matrices L and K,
and a constant € > O such that

AP+ pPA = 1L —eP
Blp_c = —KIL
D+ DI = K'K

43



Kalman Yakubovich Popov Lemma

G(s) =C(sI — A)~'B

Is Strictly Positive Real (SPR) iff there exist symmetric and
positive definite matrices P and @, such that:

AP+ PA = —Q
Bl'p C

44



SPR TF implies Possitivity
Let G(s)=C(sI —A)" 1B+ D beSPR

Then there exist positive definite functions

V() =0 Xi(x) =0
and a positive semi-definite function A>(x,u) > O

Such that the input u(?) output y(¢) pair satisfies

t
T
wdT
|y

V@)~ VEO) + [ On@) + ol w) dr
> -

75 = V(x(0))

45
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SPR TF implies Passivity

Proof: We consider a strictly causal transfer function
G(s) =C(sI — A)~'B
which is SPR, with state space realization
d
—
dt
v = Czx

= Ax+ Bu

By the Kalman Yakubovich, Popov lemma, there exist
symmetric and positive definite matrices P and @), such that

AP+ PA = —Q
Bl'p C



SPR TF implies Passivity

. . 1 7
Proof: Define the PD function V' (x) = 57 Px

and compute:

2V (x) ! Pr + 2! Pz

(Az 4+ Bu)! Pz + 2! P(Az + Bu)

2l ATP 4+ PA|l 2420 BT P
-Q < __

— — Y a

v

by the Kalman Yakubovich, Popov lemma.
AP+ PA =
B'pP =

47



SPR TF implies Passivity

Proof: Thus,since v = (Czx
T 1o
uwv=V -+ 533 Qx

. . 1 .
Define the PD function \;(z) = ExTQ:p and integrate

(4 T t . (4
/u vdr /VdT—I—/ A (z) dr
0 0 0

t
V(@(®) = V(@(0) + [ Ai(a)dr

48



DT Hyperstability Theory
G(z)=C(zI — A B+ D

0 + U,(k) U(k)
>Q - G(q)
w(k) P-Class
NL

« State space description of the LTI Block:

x(k+1) = Ax(k)+ Bu(k)
v(k) = Cux(k)4+ Du(k)



DT Hyperstability Theory

0 + u(k) U(k)
»Q | G(q) >
w(k) P-Class
NL

e P-class nonlinearity: (passive nonlinearities)

k

> wl (Hv() > =5 vk >0
7=0

W here Yo is a bounded constant.
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Example: Static nonlinearity:
v(k) w (k)

P-block
w = f(v)

) |

vf(v) >0

k k
Y wl (o) = Y FwG)v(G) >0 > —+2




-
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Example: Dynamic P-class block

v(k) »

P-block

w(k)>

g—

O(k) = 0(k — 1) + F ¢(k)v(k)

w(k) = ¢* (k)O(k)

—

F=F1sv0

¢(k) € R"
A(—1) e R™
10(—1)|| < o0
(k)| < oo
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Example: Dynamic P-class block

w(k) = ¢* (k)G(k) I(k) = 0(k — 1) 4+ F ¢(k)v(k)
k

> w(@v(y) = Z o1 (HIG)v(H)

=0

J=
k
= 3" 01(G) [p()v()]

F-1[0(j)~0(j~1)]

k
=Y 0T GHF G - 6G - 1)

7=0

k
= > {0 GHFEG) - 8T (GHF G - 1)}

=0
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Example: Dynamic P-class block

k k
> wivG) = Y {0TGFIG) -6 GHFTEG - 1)}
J=0 7=0
+ Y G-V G- — 23 TG - DFLEG - 1)
k 1k N _
> w@u@) = - Y ATTOFTIIG) -G - DFT( - D)}
J=0 7=0

> [6G) - 8G - 1] FHEG) -6 - 1))

j=0

_I_

(N~

J/

IV

>0



Example: Dynamic P-class block

v(k) w (k)
"| P-block >
k 1 F N _
> w@v(@) = 5 Y AT OFTHG) - 016 - DFTHG - 1)
Jj=0 7=0

= ST F N0 — 0T (-1)F (- 1)
V5

55



-

g—

—
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Example: Dynamic P-class block

v(k) »

P-block

w(k)>

G(k) = 0(k — 1) + Fé(k — 1)v(k)

w(k) = ¢ (k — 1)0(k)

F=F1sv0

¢(k) € R"
A(—1) e R™
10(—1)|| < o0
(k)| < oo
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Example: Dynamic P-class block

w(k) = ¢' (k—1)0(k) O(k) = 0(k — 1) + F¢(k — 1)v(k)
k k N

S w@GvG) = Y ¢T G - 1IG)v()

=0 =0

> gT(j)Ecb(j - 1)v(j)]}

7=0 "%
F=110(5) — 0 — 1)]

k
A OO ENICEN]
7=0
k
= Y {0THFIG) - 8T (HF G - 1)}
j=0
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Example: Dynamic P-class block

k k
> wivG) = Y {0TGFIG) -6 GHFTEG - 1)}
J=0 7=0
+ Y G-V G- — 23 TG - DFLEG - 1)
k 1k N _
> w@u@) = - Y ATTOFTIIG) -G - DFT( - D)}
J=0 7=0

> [6G) - 8G - 1] FHEG) -6 - 1))

j=0

_I_

(N~

J/

IV

>0



Example: Dynamic P-class block

v(k) w (k)
"| P-block >
k 1 F N _
> w@v(@) = 5 Y AT OFTHG) - 016 - DFTHG - 1)
Jj=0 7=0

= ST F N0 — 0T (-1)F (- 1)
V5
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Examples of P-class NL

Lemma:

 The parallel combination of two P-class
nonlinearities is also a P-class nonlinearity.

> NLZ

w +31 S T (GYo() > A2
"] I=0

> NLo

The feedback combination of two P-class
nonlinearities is also a P-class nonlinearity.

w + v

:O > NL] > k

' ‘ Y wl (GHo(G) > =2
NLg [+—— 7=0

60



DT Hyperstability

0 + U(k) U(k)
»(P | G(q) >
w(k) P-Class
NL |

Hyperstability: The above feedback system is hyperstable if
there exist positive bounded constants 071, 0o such that,

for any state space realization of G(g),

lz(k)[| < o1 [llz(0)[|+d2]  VE=O0

FOR ALL P-class nonlinearities




DT Asymptotic Hyperstability

0 + U(k) U(k)
»(P | G(q) >
w(k) P-Class
NL |

Asymptotic Hyperstability: The above feedback system is
asymptotically hyperstable if

1. Itis hyperstable

2. for any state space realization of G{(z),

im z(k) = 0O

k— 00
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DT Hyperstability Theorems

0 + uk)
VQ >

w(k)

G(q)

v(k)

P-Class
NL

i¢

>

Hyperstability Theorem: The above feedback system is
hyperstable iff the transfer function G(z) of the LTI block

IS Positive Real.

Asymptotical Hyperstability Theorem: The above feedback
system is asymptotically hyperstable iff the transfer
function G(z) of the LTI block is Strictly Positive Real.
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Positive Real TF
G(z)=C(I-A)"B+D

Is Positive Real iff:

1. G(z) does not have any unstable poles (l.e. no |z]| > 1).
2. Any pole of G(z) that is in the unit circle does not repeat

and its associated residue (i.e. the coefficient appearing in
the partial fraction expansion) is non-negative.

3. G(e/?) + GT(e1%) = 0

for all w € [0, 7] for which z =e/® is not a pole of G(z)



65

Strictly Positive Real (SPR) TF

G(z)=C(zI —A) 1B+ D

Is Strictly Positive Real (SPR) iff:
1. All poles of G(z)are asymptotically stable.

2. G(e9¥) + GL (e %) = 0
forall 0 <w <7

Example:

Z

G2 =105




Strictly Positive Real (SPR) TF

For scalar rational transfer functions

B(z)
A(z)

G(z) =

1. All poles of G(z)are asymptotically stable.

2. Re{G(e/“)} >0 foral w, O0<w<m

Note:

A necessary (but not sufficient)
condition for G(z) to be SPR is that
its relative degree must be 0. "




Matrix Inequality Interpretation of SPR

The transfer function

G(z)=C(zI —A) 1B+ D

Is Strictly Positive Real (SPR) if and only if

there exists P > O such that

ATpA— P ATpB — T

0
BTPA-C B'PB-D-DT|"
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SPR state-space realization fact

Theorem: If G(z) = C(zI-A)'B + D is SPR, then
D+ D? =0

Proof: Choose P > O such that

ATpA— P ATpB — T

0
BTPA-C B'PB-D-DT|"

Note that
BT'pPB_D - DT <0

- D4+ D'~ BI'PB >0 m
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SPR TF Is P-class
Let G(z)=C(zI — A~ B+ D be SPR

Then there exist positive definite functions

V(z) =0 A(xz,u) =0

Such that any input w(k) output y(k) pair satisfies

k k
Syl Ghu@) = V(e(k+ 1)) — V(2(0) + Y A (z(),u(4))
j=0 =0

J

> -8 v2 = V(2(0))




Shorthand notation

y(k) = yg
v(k) — vg
w(k) — wy

70



Proof
Let G(2) =C(2I — A" B+ D beSPR

Choose P - 0 such that

ATpA P ATpPB — T -0
B'PA-Cc BTPB-D- DT
Define the Lyapunov function
1 7
and the function
1 (21! [ATpPA— P ATpB — T

)\1(%,’&) — — 3

2 lu

BT'pA—_—c BTpPB—-D-DT

I
u

- 0

71
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Proof

1 1
V(zpg1) — V(o) = E(A-Tk + Buy)! P(Axy + Buy,) — 551?{13371@

_1[ay] [ATPA—P ATPB] [,
2 |ug BTpPA BTPB| |uy
_1[x,]" [ATPA-P ATPB — T ] [a
“ 2lug| |BTPA—C BTPB—-D-DT| |y

1
-+ > [ %Ca;k + ugDuk + ugDTuk + J:ZCTuk]

= A (xp, up) + (Cxp + Dug)

= —\1 (g, ug) + Y ug



Proof

From the previous slide

V(zpa1) — V(zg) = —A1(zp, up) + yi ug,

= ytup = V(epe1) — V(eg) + M (ap, ug)

Summing both sides of the equation yields

k k
yljruj = V(zg41) — V(zo) + > Mi(zj,uy)

.

J
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Proof of the sufficiency part of the Asymptotic
Hyperstability Theorem - Discrete Time

0 + u(k) v(k)
~O - G(q) -
SPR
w(k) P-Class
NL
P-class

k
* Since the nonlinearity is P-class, ) _ ij'vj > —97
j=0

* Since LTI block is SPR, we can use the choose P - 0
such that

ATpA— P Al'pB —ct

BTPA—_c BTPB—_D—pT| =Y



SPR
0 + uk) v(k)

- 6@ . Hyperstability

)
>
‘ w(k) P-Class

NL

From the previous proof (SPR TF is P-class), we have

k k
S viuj = V(zgg1) — Vizo) + Y Mz, uy)
j=0

j=0
where
1
V) = ExZPa;k > 0
(o) = _ L 2]’ [ATPA— P ATPB—cT 1],
BT T o |BTPA—-C  BTPB-D - DT| |u

75
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SPR

* o aw ——  Hyperstability
‘ w(k) P-Class G(Z) — C(ZI — A)_lB + D
NL

Rearranging terms,

k k
V(zgpt1) = V(zo) + D ’UjTUj — Y A(zj,uy)
7=0 J=0
From the P-class nonlinearity:
d T 2 T 2
wfv; 20 mh Y ol <o
7=0 7=0
Therefore,
k
V(zgt1) < V(eo) +791 — D M(zjui) < V(xg) + %
J=0
\ )




SPR
0 + u( k ) U(k)

- 6@ . Hyperstability

‘ w(k) P-Class G(Z) — C(ZI — A)_lB + D

NL

From the previous slide
V() < V(wo) +7

1 1
— Emngk < 5:1:'%}9:130 + ’y%

=4 )\min(P)H:fU!ﬁHQ < )\maa:(P)HmOHQ + 2’)/%

Amaz (P) 2
= [lag)? < T (||aso||2+ w%)
Am’m,(]D) Am&ﬂ?(P)

Therefore, the feedback system is hyperstable

77
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SPR

' o L aw . Asymptotic Hyperstability
‘ w(k) P-Class G(Z) — C(ZI — A)_lB + D

NL

k
0< V(zpe1) <V(zo) +9%— 3 M(zj,uy)
j=0

k
= 3 A(zjui) < V(xg) +97F
j=0

\ Y ) < * monotonic nondecreasing sequence in k
* bounded above

= |lim M\ (zp,u) =0 = im z, =0, lim u, =20
k— o0 k— oo k— o0

Therefore, the feedback system is asymtotically hyperstable
B



SPR

"™ e ™ . Additional Result

‘ w(k) P-Class G(Z) — C(ZI — A)_lB + D

NL

We have already shown that

lim Tl — 0,
k— 00
k—00

From this we see that

lim Vp = klim (ka -+ D’u,k) =0
—00

k— 00
lim w, = lim (—ug) =0
k— 00 k— 00

Therefore, x(k), u(k), v(k), and w(k) converge to O

79



80

Stablility analysis of Series-parallel ID

u®) y(h)

AT

regressor

Y B
Parameter |* O a 7
Adaptation ) 1 (k)
Algorithm "
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Series-Parallel ID Dynamics
(review)
a-posteriori error: e(k) = y(k) —g(k)

e(k) = ¢* (k — 1)0(k)

Parameter error update law:  0(k) = 0 — 0(k)

0(k) =0(k—1) — F¢(k — De(k)



Series-Parallel ID Dynamics

(review)
0_:—0 —e(k) | v(k)
E 1| PAA - [1]< i
e(k) | ‘ |
gk — 1) bk —1)

paa: O0(k) =0(k—1) 4+ F ¢k — 1)v(k)



Stability analysis of Series-parallel ID

0 + —e(k) v(k)

—_— 1 >

e(k

Strictly Positive Real



g—

—
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Stability analysis of Series-parallel ID

0 + —e(k) v(k)

I(k) = 0(k — 1) 4+ F ¢(k — 1o(k)

k
el (v(g) > 2
e(k) = o7 (k — 1)0(k) => L r=zm
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Stability analysis of Series-parallel ID

0—»+O —e(k) P (k)
SPR
| 1
e PAA T h;r
E_Lb(k - 1) &k — 1) i
" Pelass

By the sufficiency portion of Hyperstability Theorem:

[u(k)| < oo

le(k)| < o0



86

Stability analysis of Series-parallel ID

0t e ]
SPR
I____________________-;
nl—  paa  |[—i0f—

By the sufficiency portion of Asymptotic Hyperstability
Theorem:

lv(k)] — 0
le(k)| — 0 Q.E.D.
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Stability analysis of Series-parallel ID

0—»+O —e(k) P (k)
SPR
| 1
e PAA T h;r
E_Lb(k - 1) &k — 1) i
" Pelass

By the sufficiency portion of Asymptotic Hyperstability

Theorem:

[v(k)| — 0
e(k)| — 0




How to we implement the PAA?

a-posteriori error & PAA:

e(k) = ¢* (k — 1)0(k)

0(k) =0(k—1) — F¢(k — De(k)

L Static
coupling

Solution: Use the a-priori error

e®(k) = ¢! (k— 1)0(k — 1)



How to we implement the PAA?

a-posteriori estimate & PAA.
e(k) = y(k) — ¢* (k — 1)0(k)

O(k) = 0(k — 1) + Fo(k — 1)e(k)

L Static
coupling

Solution: Use the a-priori error

e?(k) = y(k) — ¢" (k—1)8(k = 1)

= ¢l (k- 1)0(k — 1)



How to we implement the PAA?
0(k) =0(k—1) — Fo(k—1)e(k)

Multiply by pl(k—1)=¢l ;

\

ot 10(k) = oL 10(k —1) — ¢} _F ¢p_qe(k)

e(k) eozrk)

e(k) = e°(k) — ¢j_1 F ¢p_1e(k)

Therefore, O (k)
M) = T TG - DF otk — D
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How we implement the PAA
e®(k) = y(k) — ¢' (k — 1)0(k — 1)

e?(k)

) = Tt — 1) F ok — 1)

O(k) = 0(k — 1) + Fo(k — 1)e(k)
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Stability analysis of Series-parallel ID

u(k) ‘ q'd B(q) Y (k) .
We have shown that \ AT
e(k) — 0
regressor
Now we will show that o(k-1) JJ k) .
Parameter |7 O A
GO(k‘) — 0 Adaptation T y(k)
Algorithm g
Under the following assumptions:
[u(k)| < oo A(g~ 1) is anti-Schur
—d 1
. q *B(q ")
Since y(k) = u(k) ly(k)| < oo
A(q 1) =
y(k—1) ]

Since dk—1)=| Lk _a) =) ¢k —1)[] <
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Stability analysis of Series-parallel ID
u(k) 7By (k)
Thus, we know that \ A(q(_; "

e<k> - O regressor

sk-1) @)

Parameter
Adaptation ) T y(k)
Algorithm

||¢(k — 1)|| < 0

Remember that

e?(k)
14+ ¢l (k—1)F ¢p(k — 1)

= (k) =e(R){1+¢' (k—1)F ¢(k—1)}

~— ™
—0 <00

=) ea(k) — 0

e(k) =
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Stability analysis of Series-parallel ID

u(k) T4 y(k)
W e have shown that \ AT
e(k) -0 e°k)—0
regressor
lp(k — 1) < o0 DR,
Parameter |7 O A
~ Adaptation T y(k)
What about the parameter error 6(k) ? Algorithm =
since
e’(k) = o' (k— 1)0(k — 1) = ¢l (k)I(k)| — 0
—~—
—0

However, this does not imply that the parameter error goes to zero

We need to impose another condition on u(k) to guarantee that
the parameter error goes to zero. (persistence of excitation)




