ME 233 Advanced Control Il
Lecture 14

Deterministic Input/Output Approach to
SISO Discrete Time Systems

Pole Placement, Disturbance Rejection
and Tracking Control



SISO ARMA models

« SISO State space model
x(k+1) = Ax(k)+ Bu(k)
y(k) = Cxz(k) + Du(k)
Where all inputs and outputs are scalars:
u(k) € R control input
y(k) e R output
(k) e R" state



SISO transfer function

Y(z) = [C(z[ — A 1B+ D] U(z) = i:g; U(z)

A*(z) = det{(zI —A)} =2"+ alzn_l + .-+ ap

B*(z) = CAdj{(sI —A)}B+ D

= b2+ b1 2" L by

d=n—m >0 relative degree



SISO transfer function

U(z) control input
Y(Z) — A(Z)U(Z) Y(Z) OUtpUt

A) =z2z"+a1z" 1+ Fan

B(z) =bozm+b1z" 14+ .+ by

d=n—-—-m>20 relative degree



ARMA Models

Define:
* the back-step operator ¢~

y(k—1) = q T y(k)
* the polynomials

Al =q¢ mA(q) =1+ aiqg 1+ -+ ang™

1 such that

Blg D) =¢™B(q) =bo+big 14+ - +bmg™

« relative degree (pure time delay)

d=n—m



Back-step operator

Relationship to Z-transform

Z{qg ly(k)} = Z{y(k — 1)} = 27 1Y (2)
Similarly,

Z{A(g Hy(k)} = AG"HY (2)



SISO ARMA models

A(g D y(k) = ¢ 9 B(g Y u(k)

Auto-Regressive Moving Average

$

y(k) = bou(k—d)+ - -+ bmulk —n)

—a1y(k—1) —--- —any(k —n)



SISO ARMA models with persistent disturbances

SISO ARMA model with disturbance

AlgHyk) = ¢ 9B ) [u(k) + d(k)]

Where all inputs and outputs are scalars:
« u(k) control input
. d(k) persistent (deterministic) but unknown disturbance

. y(k) output



Deterministic SISO ARMA models

Al Hyk) = ¢ 9B ) [ulk) + d(k)]

W here polynomials:

1 alq_l

A(g™ )

an(q

—nN

B(gY) = bo+bigt+- Fbpg ™

are co-prime and d is the known pure time delay



Polynomials in g

Monic polynomial

Al = 1+a1g +-+ang™

constant coefficient is 1
A(g) = q"A(g™ 1)

Al =q¢"+a1q" 1+ +an

N

leading coefficient is 1
\ J

Y
monic
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Polynomials in g/

« Co-prime polynomials have no common roots

The polynomials

Al = 14aigt 4+ Fang™

B(gY) = bo+big 4+ Fbmg™

are co-prime if and only if

B(p) # 0 whenever p satisfies A(p) = 0

11



Polynomials in g!

« Anti-Schur polynomials have all of their roots outside the
unit circle

For example, if the polynomial

Al = 1+a1g +-+ang™

is anti-Schur, then |g1| > 1 whenever A(q1) =0

12



Polynomials in g/
Algh) = 14a1gt 4+ +ang ™
IS anti-Schur if and only if

lim y(k) =0

k— 00

for all sequences {y(k)} € R that satisfy

Al Dyk) = 0

13
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Factorization of the zero polynomial B(q?)

Assume the m order zero polynomial B(gq) has

- m, zeros that we do not want to cancel.

 its remaining m, zeros inside the unit circle; these are
the zeros we will cancel

B(q) = B*(¢)B“(q)

= ¢ ™B(q) = (¢7™B*(¢)) (¢~ ™ B"(q))

./ 7

B(q~1) = B%(¢71) B (¢ 1)
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Factorization of the zero polynomial B(q?)

Assume the m order zero polynomial B(gq) has

- m, zeros that we do not want to cancel.

 its remaining m, zeros inside the unit circle; these are
the zeros we will cancel

B(q~1) = B%(¢71) B (¢ 1)

B%(¢~ 1) s anti-Schur

BY(q) = qmuBu(q—l) has the zeros (in g) that we
do not want to cancel




Example

B(q) =1.2(q—0.5)(q — 1.2)(q — 0.95¢74)(q — 0.95¢7717)

U

B(q~ 1) = ¢ *B(qg)

Imaginary Axis

050

05l
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Example
B(q) =1.2(q—0.5)(q — 1.2)(q — 0.95¢74)(q — 0.95¢7717)

B(gH =12(1-05¢YH1-12¢1
x(1 — 0.95¢74¢~1)(1 — 0.95¢ 744~ 1)
= B%(¢ 1) B"(¢" 1)

Example

B% (¢ 1)=12(1-1.2¢"D

(1—0.95¢73¢71)(1 — 0.95¢ 3¢~ 1) o
\ J
Y

we could have chosen to cancel these 2 T B : s
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Deterministic SISO ARMA models

The zero polynomial:

B(¢~Y) = B5(¢7 1) BY(¢ 1)

Without loss of generality, we will assume that

4

BS(¢ ) =1

Bu(q_l) = bo

b,,SnS g s

b%u g M

18



Control Objectives

1. Pole Placement: The poles of the closed-loop
system must be placed at specific locations in the
complex plane.

« Closed-loop polynomial:

A =B%(¢ Y A(g D)

Where:
chosen by

—1
B°(q7 ") cancelable plant ZV the designer

/
—1
Ac(q ) anti-Schur polynomial of the form

/

/ . / . / —
Ala) =1+acq  + - +acq ™

19
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Control Objectives

2. Tracking: The output sequence y(k) must follow
a reference sequence ya(k) which is known

In general, y4(k) can be generated by a reference model of

the form
Am(a Dya(k) = ¢4 Bm(g™ 1) ug(k)

\

The design of A,(q 1) and B,,(g ) is not a part of this

anti-Schur polynomial

control design technique and these polynomials do not
enter into the analysis



Control Objectives

2. Tracking: The output sequence y(k) must follow
a reference sequence ya(k) which is known

e Reference model:

Am(g Dya(k) = ¢79 Bm (g ) ug(k)

Where:

y (k) reference output sequence, which is known in
advance (i.e. v (k+L) is available at instance % for
some L>d).

—1
« Am(q™ ") anti-Schur polynomial
\ chosen by

+ Bm(q™ ") polynomial = < the designer

21



Control Objectives

3. Disturbance rejection: The closed-loop system
must reject a class of persistent disturbances d(k)

« Disturbance model:

Ag(g~Hd(k) =0

W here

. Ad(q_l) IS a known annihilating polynomial
with zeros on the unit circle

. Ad(q_l), B(q~ 1) are co-prime

22
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Deterministic disturbance examples

a) Constant disturbance:
d(k) = d(k — 1)

Then,

AglgH =1-¢1

b) Sinusoidal disturbance of known frequency:

d(k) = D sin(w k + ¢)
Then,

Aglg =1 —-2cos(w) g™t +¢72




Deterministic disturbance examples

c) Periodic disturbance of known period NV

d(k) = d(k — N)

Then,

AglgH =1-¢ ¥

In all of these three examples, the polynomial
Ay(g™1)  has its roots on the unit circle.
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Control Law
« Feedback and feedforward actions:

- reference output

d(k)
Ya(k) —— o+ ] u) + By | I®
_— T(Q,Q) > > > ——
R(q?) AT
" feedforward
S(4) |*
u(k) = ——— [r(k) = S y(k)
R(g~1)

r(k) = T(q_l, q) yq (k) Feedforward action
(a-causal)
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Closed-Loop TF from r(k) to y(k)

J dek)

(k) + 1 |u)+ i°Bh | W

- [ R(q) AT
S(q)

1 q_dB(qll)
_ _ R@e™1) Alg™) r(k) + d(k
y(k) 1 4 S ¢79B(¢~1) () ( ) )
" R(g71) A(¢7 1)

_ e “B(¢~1) k) + d(k
_{l(q_l)R(q—l)+q—dB(q_1)S(Q‘1)J (k) ( ) (k)

qu&)
Closed-loop characteristic polynomial
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Closed-Loop TF from r(k) to y(k)

J d(k)
(k) + 1|+ ‘B | W
O[ R(q") AT
S(q)

If we let Ac(q

_dBS(yﬂ/Bu(q—l) ’I“ k +

y(k) =

BG 1 AL(q D)

~!) have the special structure B*(¢~")AL(¢g™")

)d(k)
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Closed-Loop TF from r(k) to y(k)

J dek)

(k) + 1 |u)+ i°Bh | W

_ [ R(q") A(D)
S(q)

_ ¢ “B(a~") k) + d(k
y(k) _fl(q‘l)R(q‘l)-I-q‘dB(q‘l)S(q‘l)j (k) ( ) (k)

A;c,(q_l)
Closed-loop characteristic polynomial

Given A.(g?), we would like to find polynomials
R(g!) and S(g!) so that

Al HR(e D +¢ 9B HS@ ) = Ac(g™ 1)



The Diophantine (Bezout) equation

* Given the co-prime polynomials
Algh) = 14aig +-Fang™”

B(g™1) bo+b1g t + -+ bg™™

_ —1y i
A(qg—*t) Isorder nand has constant term 1

— B(q~1) Isorder m

« and a polynomial of order n_ with constant term 1

Clgh) = 14crg i+ 4 eng ™

29
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The Diophantine (Bezout) equation

We wish to find polynomials

¥
R(gY) = L+rg 4 +rmg "

S(g™1)

same orderas B(qg 1)

So+ -+ snsq "

that satisfy the Diophantine equation:

C(q‘__l) = A(g_l) R(g Y +q¢71 B(g_l)S(q_l)

given
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The Diophantine (Bezout) equation

—1

Expanding in terms of q coefficients:

CleH=Al¢eHRGYH +¢B@HS™)

order order order

ne  n4m L+ m +ins,

ns = max{n —1,nc—m — 1}
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The Diophantine (Bezout) equation

Expanding in terms of q

1

coefficients:

CleH =A@ HR@ D +q¢B@HSE)

We obtain:
g+ 1
g ° r2
D Tm
So
q_(nS_I_m—l_l) i S’)’LS |

_Cl_

C2

Cnc

D € R(ns‘l'l"‘m) X (ns+1+m)

Cay
a2

given on next slide



The Diophantine (Bezout) equation

Where the matrix D & R(”8+1‘|‘m)><(ns+1-l-m)
IS given by:

1 0 0 .-~ 0 b 0 0 .- 0
a a 1 -+ 0 by b bp - O
Ap—1 Gp—o2 QAp_3 -+ L1 bm by_1 bpy_o -+ bo
an a;n_l a,n_z ¢ e a’]. O bm bm_l . o e bl
0 an Qp_-1 -+ a> O 0] bm -+ bo
0 0 an -+ a3z 0O 0 0 -+ b3




ai 1
a2 a1 0
a9 1
p—1 : a1
an An—1 a
0 an,
e
0 0 an,
0 . 0
0 0

bo 0 0
by bo

b 0

b1 bo

b b1 by
0 Do,

0 0 b —1
brm
0 0 0

T columns

|

ns -+ 1 columns

34



If ng = n -1, then these rows of zeros will not be here

[ 1 0 0 |
ay 1 - bo 0 0 0 |
a9 a1 0 b1 bg
a2 1 b1 0 0
Gpy—1 a1 b1 . bo 0
An  QAp_1 as by,  bm—1 b1 bg
0 Qn, 0 b, by
o a1 0 0 bin—1 .
; e ' b i
: 0 0 0 b |
| o 0]

35



The Diophantine (Bezout) equation

Theorem: D is nonsingular iff the polynomials
A(g™1) and ¢ "Bl 1) are co-prime.

The solution to the Diophantine equation is:

o ] B T )

1 c1 al
rD CD an
_ —1
rm | =D S| Che1 | — | an |
So Cnc 0]
Sns \ O O /

36



Example: C(q_l) — .A(q_l) R(q_l) + q_l B(q_l)s(q_l)
Let

ClgH=((1-05¢1(1—-08¢"1) ordern,=2
= (1—-1.3¢71 +0.4¢72)

A@ H=0-¢bHa-12¢7YH order n =2
= (1-22¢14+1.2¢79)

B(g~YH = (2¢71 4+ 2.4¢72) order m =2

g—

R(q_l) =1 rlq_l ’I“Qq_z order m =2
Solve for -

—1
S(g ) order n,
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Example: C(q_l) — .A(q_l) R(q_l) + q_l B(q_l)s(q_l)

ns=max{n—1,nc—m-—1} =max{2-1,2—-2-1}=1

1-13¢7 14040 2=(1-22¢14+1.2¢2)(1 +r1g L + rog?)

\ 4

\ . 7 A\

c(qg—1) A(q-1) R(q~1)

—I-q_l(?q_1 + 2.4q_21) (so +s1q7 1)

7

B ) 5@ 1)

4 equations and 4 unknowns
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Example: C(q_l) — .A(q_l) R(q_l) + q_l B(q_l)s(q_l)

Equating coefficients of powers of q-?

L 0 0 0 |[m  —1.3° _2.2
22 1 2 0 ro | _ | 0.4 1.2
12 —22 24 2 o |= | 0 5
" O 1.2 O 2.4 | 81 O O

Solution:

R(q_l) =1+ O.9q_1 -+ 0.57q—2

S(g 1) =0.31-0.28¢"1
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Return to the Control Problem...
« Feedback and feedforward actions:

d(k)
ya(k) r(k) + u(k) d (%)
—_ T(q,ZQ) > > ! - :_ 7 B(q5 ! >
R(q) AT
) feedf?)rrward ’
S(q) |+
u(k) = ——— [r(k) = S y(k)
R(¢g~1)

r(k) = T(q_l, q) y (k) Feedforward (a-causal)
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Feedback Controller

Diophantine equation: Obtain polynomials R(g™Y), s(¢h)

that satisfy: / /

Al ) =A@ HR(@H + ¢ 9B S

Y Y Y

Closed-loop Plant poles plant zeros
poles
P —_ , —
Acq 1) =B(¢" ) Ala™) We will factor

. o ) . outthe B*(g~1)
R(g"7) =R (q" ") Aqg(q” ") B°(¢" ) polynomial next
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Controller Diophantine eguation

Aclg™H) = B (g ) AL(gY)

Factor out B*(¢—*) polynomial ,
R(g™1) =R (g7 1) Ag(qg™H) B¥(q™ 1)

Al H =A@ HR@ Y +¢9B(@H S
B V) Auq ) = B%HA(ql)Ad(ql)R’(ql)
+ OB (DB S

Therefore, we want to find R’(g*) and S(g?) such that

A=A HAGEHR @Y + ¢ 98¢ 1) S
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Feedback Controller

Diophantine equation: Obtain polynomials R (¢ 1), $(¢~ 1)

which satisfy: /
— /
Alg ) =Aga D A@HR@H +a9B%(¢ ) S )
t t t $
| | |
Closed-loop Plant poles Unstable plant zeros

poleswithout  pistyrbance annihilating polynomial
cancelled zeros

R(gYH) =R (¢ Aga™ ) B3(¢71)
A =B(¢ D) AL(g™ 1)




Use previous solution of the Diophantine equation

A=A HAGEHR @Y + ¢ 98¢ 1) S )

A (a7 = (Aaa™H Al R <q—1>

\ 7

C((J‘l) A(g—1) R(Q‘l)

+a (g @ VBUH) @

\ 7 \\

B(g~1) S(g~1)

44



Diophantine equation

A=A HAGEHR @Y + ¢ 98¢ 1) S )

/

Solution: . o _
R(g ") = 1+ryqg 1—|-"'—|—"“n/qn7“

Thesearethe | S(¢71) = so+s1¢g 4+ -+ snqg ™

controller /

parameters! RigH =R YA ¢ B

n;=d—|—mu—1
nszmax{n—l—nd—l,n/c—d—mu}

/
Ny =N, +Ng+ Ms

45
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Feedback Controller

gy 1) = Sy ()

n;:d—l—mu—l

nszmax{nl,n,c—d—mu}
/
nr=nr+@#ms

If the degree of the disturbance annihilator
polynomial, n, is large (e.g. IV is large),
then n,and n are also large

u(k) = I

where

Then, the solution of the Diophantine equation
may be ill conditioned.
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7 —dB 1
(k) + (k) l(m‘) 4 (k) Gla) = qA( E(i)))
TR O ‘ 1 (R .|.O ‘ q B(qj) ‘\ ; ‘ q
i R(q) AT
) Plant:
-1 —2(242.4¢71)
P G(g™t) G( _1) _ q 4q
() | ! (1-1.2¢°1)
B(¢H =1

Zeros: B(¢g D =(2424¢ 1) = —

B¢ H=(Q+24¢1)

Disturbance: d(k) =d(k—1) = Ay(¢ ) =1—q1

Select closed-loop poles: Al =(1-05¢ (1 -08¢ D

=(1-13¢71+0.4¢72)
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Diophantine equation
A=A HAGEHR @Y + ¢ 98¢ 1) S )

(1-13¢7104¢72) = (1-22¢71 +1.2¢72) (1 + rllq_l + r/Qq_Q)

7

A= Ag(¢—1) R (¢-1)
+q2(2+24¢7)  (s0+ slq_lz
Bu(q—1) S(q—1)

| R(gH)=140.9¢1+057¢2
Solution: —

S(g~1) =0.31 -0.28¢71
R(g™Y) = BS(¢ ) Ay(¢ VR (¢ 1)
=(1-¢ (140914057472
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Example

d(k) —2 —1
] 1 22+ 2.407Y)
Wb | ””")fro | @By | W Gla ) = (1—1.2¢71)
-] -]
; R(q) A7) d(k) _ d(k o 1)
N——
1 G(g—1)
S(q) |*
Control: u(k) = 1 [r(k) - S(q_l)y(k)}
R(q~1)

R(g 1) =1-01¢1-033¢2-057¢3
—1N __ —1
S(¢g~ ") = 0.31 — 0.28¢q

r(k)=r(k—1)=1



Feedback Control Law
Feedback control action:

ldm)
(k) + 1 |+ i°Bgh | YW
-O— R(q) ‘ ‘ !
[ A(D)
S(qH |
\
|
—d pur.,—1
q “B“(q™ ")
y(k) = r(k)

Ay(g1)



Proof — block diagram algebra

r(k) +

1

u(k) +

L

R(q)

Lg( q_ I) b

ldﬁv

| 4"B@Y

¥()

AT

The closed-loop dynamics is from r(k) and d(k) to y(k)

y(k) =

g 9B(q71)

r(k)

A(gDR(g )+ ¢ 9B(g1)S(¢ 1)

¢ 9B(¢g7 1) R(¢™1)

d(k)

Al YDR(g 1)+ ¢ 9B(¢1)S(¢ 1)

o1
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Proof — block diagram algebra
The closed-loop dynamics from d(k) to y(k) (r(k) =0)

y(k) = ¢ ‘B¢ )R 1)

Ale DR D +a 9B(g D5(g 1) °H

Substitute: 4 4 1
B(q ") =B%(q ") B"(¢q" ")

R(gY) =R (g1 Ag(a™H) B3 (¢ 1)
1

BS(q/{)v ¢ 9B(¢ DR (¢ DA (¢ D)
B/%—l> A DA DR (¢71) + 9B (1) S (¢ D)
pole-zero N -

: o,
cancellation Ac(q_l) Diophantine equation

y(k) = d(k)
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Proof — block diagram algebra
The closed-loop dynamics from d(k) to y(k) (r(k) =0)

—dpB(s1 R’ —1
() = | 2 2 A )
C g
1
J(k) = BS(q/; ¢ 9B HR (¢~ A ) a0k

BHa™) | A Aa(a DR (a7 + ¢79B (¢S]

pole-zero A
cancellation Ac(q_l) Diophantine equation



Proof — block diagram algebra
ldm}

W MW | dBay | W

- [ R(q" AT
Lg( q_ir) b

The closed-loop dynamics from r(k) and d(k) to y(k)

B g 9B(q71)
y(k) = A(g R Y) + ¢ 9B(¢1)S(¢~ 1) rk)
: ¢ 9B(q ) R(g™ 1) a0k)

Al YD R(g 1)+ ¢ 9B(¢1)S(¢g 1)

—0

4
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Proof — block diagram algebra

g 9B(g71)

(¢ DHR(gY) +q¢9B(¢71)S(¢g 1) r(k)

y(k) = a1

Substitute: B(¢g~Y) = B%(¢~1) B¢~ 1)

R(gY) =R (g1 Ag(a™H) B3 (¢ 1)

1
158((17“7)v g 9BY(q 1)
B) |A(a ) Aa(a DR (1) + ¢~9B“(¢~1)S (¢~ D)

y(k) = r(k)

pole-zero A
cancellation Ac(q_l) Diophantine equation
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Proof — block diagram algebra

l dek)

r(k)+ 7 | U+ “Bah | YW

_ R(q) AT
L S(q)

g 9B%(q71)
Ay(g1)

y(k) = r(k)

1
J(k) = Bs(q7“7)v ¢ 9B%(¢ 1) ()
B) |A(a ) Aa(a DR (1) + ¢~9B“(¢~1)S (¢~ D)

pole-zero A
cancellation Ac(q_l) Diophantine equation
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Example

dik) —2 —1
2124
)+ ] u(]f)+l 'Bgy | G =1 ey 1 :
_ R(q) A(T)
— d(k) = d(k — 1)
1 G(g~1)
(g |s
1

Control: u(k) =

Rl T) ['r(k) — S(q_l)y(k)}

R(q—l) =1 — O.lq_1 — 0-3361_2 — 0.57q_3

S(g~1) =0.31 — 0.28¢71
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N Example
; —2 —1
(k) + ] uk) +(L q'dB(q-f) v(k) G(q_l) — 9 ( (2 + 24(]1) )
—_— » » » ]. - 1.2 o
_C Re) | | ) ’
———
G(g~1)
S(q)
Closed-loop dynamics: Unit step response
Step Response
—d pur,,—1 v | "
q “B"(¢™ ")
y(k) =47 (k)
Aclg™)
) -1 <
2 —I— 24(] 15-
gy = L 2 .y ¢
(1-0.8¢=1)(1—-0.5¢g—1) 10

Time (sec)
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Feedback Control Law
The feedback control action:

l dek)

(k) + 1|+ "By | YW

- [ R(q?) AT
S(q)

Results in the following closed-loop input/output dynamics:

A(g™1) .
(¢ DA D)

e ¢ 9B (¢ 1) S(¢™h)

well-damped zeros | Al (¢~ D)

(k)

u(k) = s

d(k)
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Feedforward Control

Feedforward control objective is to make y(k)
follow y,(k)as closely as possible.

\ dk)

Yq(h) T(d'q) e 1 u(k) + q“B(g) (k)
R(q) A(D)
feedforward )
S(q9)

Goal: y(k) =yy(k) or y(k) =yy(k)

how well the objective met depends on
whether the plant has unstable zeros or not
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Feedforward Control Synthesis

\ d(k)

_)'(F(Jf) . (k) + 7 u(k) +
— T(9°q)

- R(q7) A(9)
feedforward ‘
S(q)

q'dB(q-f) (k)

\ J
|
¢ 9B“(¢7 1) «— closed loop dynamics
l A(¢g~ D) from r(k) to y(k)
ato )| Blgh | )
—_— T(Q‘ (I) - ; N -
A97)
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Feedforward control principle: plant inversion

Yqt) 1 ) | ¥(k)
— T(4q)  G@G) -
) — y(k) = yq(k)
N1
| Ge(g™+) |
1
=1

pure step delays

unstable zeros
cannot be inverted
1w
9\B@G)

y (k) , r(k)
—>d Ac(q_l) (Bu(q_l))# y(k) .
—d y -
2 ! ih Ac(q )
/ | —
approximate inverse ™~ C|Osed-|0_0p pole
Ay(g™ g polynomial
A9 we need to know yg4(k+d) (anti-Schur)



Perfect Tracking Feedforward Control

Perfect tracking can be achieved Iif all plant zeros are

cancelable, e.g.

B¥ (g 1) =1

In this case

yd(k) / I"(k)
qd Ac(q_l) |

q—d

Al(g~1)

y(R)

T(q1,9)

r(k) = A,(¢ 1) yg(k + d)
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Tracking with unstable zeros

 When the plant has unstable zeros we need to find
an approximate inverse

(B*(¢~H)”

B¢ (B )" ~ 1

y (k)

rk) | q°BY! k
. qd Alc(q_l) (BU(q—l))# . (q ) y( ) .

A@)
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A-causal Bounded-Input Bounded-Output (BIBO)
realization of a purely unstable operator

Let Bu(p_l) =0 &= [p|>1

i.e. all zeros of B%(q) = ¢"«B%(q~ 1) are
outside the unit circle

Then we can interpret 1 In two ways:
Bu(q—1)
1
Bu(q—1) IS causal but unstable
1 .
. IS a-causal but BIBO

Bu(g—1)



A-causal Bounded-Input Bounded-Output (BIBO)
realization of a purely unstable operator

Example: B%(q¢ 1) =(2424¢ 1) =2.4(083+¢71)

1 0416
Bi(q-1) 083+4¢1 < unstable causal operator

Using an infinite series expansion,

0.416 _ 0.416gq
(0.834+4¢-1)  083¢+1

= 0.416q |1 - 0.83¢+ (0.83¢)? - (0.838¢)°- -

+ - (-1)"(0.839)" ]

\
|
Infinite dimensional a-causal operator
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A-causal BIBO realization of a purely unstable operator

Thus, 1

y(k) = 55 =g ulh)

Can be realized either as:
y(k) = —-1.2y(k—1) + 0.5u(k) (unstable)

or
y(k) = 0.416 [u(k +1) —0.83u(k + 2) + (0.83)2u(k + 3)
~(0.83)3u(k +4) +---(-0.83)"u(k+n+1) +--|

(a-causal BIBO)
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A-causal BIBO approximation of a purely unstable operator

W e will now describe two methods of approximating a
purely unstable operator:

1) Truncated a-casual series expansion:
BU(, 1)) — 2 M
(7)) = P19+ Bog” + -+ Baq
2) Zero-phase error feedforward operator:
(developed by Prof. Tomizuka) Not g

(B¢ 1)) =~ B%q/

- [Bw(1)]?




Example: realizing (B“(q_1)> ”

Let, B¢ Y =(Q+24¢")
1) Truncated a-casual series expansion:
(B“(q_l))# = 0.416 [q — 0.83¢% + (0.83¢)3 — (O.8§8q)4]

2) Zero-phase error feedforward operator: Not g

G

= [4.4]2(2 + 2.4q

(B¢~ 1))
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Zero-phase error tracking

One of the most popular feedforward techniques for
systems with unstable zeros.

we —1IN\\F _ 1 U
(B"@)" = guypB" @

Define the zero-phase operator
~1 ue —1 we —1\\
Gap(gt9) = BY(q 1) (B¢ D))

_ B¢ ") B"(q)
[B*(1)]?
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Zero-phase error transfer function

A-causal zero-phase transfer function:

_ BU(z"1) B(»)

1
N T T

Properties:

« It has zero-phase,i.e. Im {Gzp(e—jw, 6jw)} —0

« It has unity dc gain, i.e. Gop(e 0,0 =1
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Gzp(z_laz)

Let,

Zero-phase feedforward:  (B*(¢~1))” =

Example: realizing (B“(q_l)

B¢ ) = (2424971

Zero-phase transfer function:

Bode Diagram

[4.4]2

)#

(24 2.4q)

0

(MY
o

w
o

(24242 (22424)
N [4.4]2

Magnitude (dB)
1 1 II\) 1
o

1N
o

on
O

0.5

Phase (deg)

10 10"

10° 10

Frequency (rad/sec)
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Sinusoidal zero-phase error tracking
If v (k) is a sinusoidal, there will be no phase shift
between y (k) and y(k)

B“(¢~1) B“(q)

y(k) = ya(k)

[B*(1)]2
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Zero-phase error feedforward

ld(k}
v (k) el r(k) + ; u(k) + q_dB(q'I) (k)
R(Q_I) A(q'i)
feedforward S(qh
\
|
—d —1
q “B“(q7 ")
I
Ac(q 1)
U
q B“(q)

T(¢ ' q) = A.(¢ Vg

[B*(1)]°
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Zero-phase error feedforward

l d(k)
v (k) el r(k) + ; u(k) + o dB(q'I) (k)
R( Q_I) A( q'i)
S(9)

Closed-loop dynamics:




