ME 233 Advanced Control |l
Lecture 13

Frequency-Shaped
Linear Quadratic Regulator

(ME233 Class Notes pp.FSLQ1-FSLQ5)



Outline

« Parseval’s theorem

* Frequency-shaped LOR

— Implementation

* Frequency-shaped LQR with reference input



Infinite-Horizon LQR (review)

nth order LTI system:
x(k+ 1) = Ax(k) + Bu(k) x(0) = xo
Find the optimal control:

uw(k) = —Kx(k)

which minimizes the cost functional:

0@

= {xT ()Qz(k) + ul (k)Ru(k)}

k=0



Parseval’'s theorem

» Let f(k) be a map from the integersto R"

* Its (symmetric) Fourier transform is defined by

| T |
F(ed®) = F(f(k)) = —— F(k)e Ik
@) =FU®) =5 3
and
£(k) = \/% /_: F(e9)e vk g,



Parseval’'s theorem

> Wi = [* PP

k=—00 T

F(e??) = F(f(k))

F*(e7%) = FT'(e7%¥) (complex conjugate transpose)



> ®E) = [ F )P

k=—o00 -7

HOR

4 R

S0 T . 0 1 7T : :
PIRHOHOLIPWERO (@ A WF(eW)eﬂwkdw)

(k_zoo fT(k)\/—_F(ejw)e ]wk)




Frequency Cost Function
By Parseval’'s theorem, the cost function:

®.@,

=3 {xT (K)Qz (k) + ul (k)Ru(k)}

k=0
with x(k) =0 k<O
u(k) =0 k<O
IS equivalent to the cost function

J= /_ 7; [X*()QX (/) 4+ U* () RU (/) } du

X (e9) = F(z(k)) U(e?) = F(u(k))



Frequency-Shaped Cost Function

Key idea: Make matrices @ and R
functions of frequency

= [ {XH(E)QI)K ()

—T

+ U*(ejw)R(ejw)U(ejw)} duw

where

Q1) = Q5(ei*)Q (&) = 0

R(eI¥) = R;(ejw)Rf(eJW) >~ 0




Frequency-Shaped Cost Function
Define the state and input filters

X (e79)

>

Qr(e?¥)

Xf(ejw)

Y

state filter

R¢(e?%)

>

Y

Input filter
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Frequency-Shaped Cost Function
Qj(e™)Qs (1)

= [ {X"(@)Q() X ()

+ U*(eﬂw)R(er)U(eJW)}

R (ei) R (ei)

can be written

= [ {XH)X () + UHE U () } do
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Realizing the filters using LTI's
Let

X (eI%) | Xf(ejw)
| Q7 (e?) -

be realized by
z21(k+ 1) = A121(k) + Biz(k)

rr(k) = C121(k) + D1z (k)
so that
Qf(z) = C1(zI — A1)~ By + Dy

IS causal or strictly causal.



Realizing the filters using LTI's
Let

U(eI) Us(el)
> Rf(ejw) >

be realized by
zo(k + 1) = Apzo(k) + Bou(k)
ur(k) = Cozo(k) + Dou(k)

(with D3 Do = 0) so that
Rf(z) = Co(zl — A2) 1By + D>

IS causal (but not strictly causal)
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Example: Hard Disk Drive

Consider a simplified model of a voice coil motor and suspension
(from control input u(k) to read/write head position y(k))

G,(z) =G(2)[1+ A(2)]

\ uncertainty

nominal model

\ actual plant

high-frequency resonance
modes are neglected in the
nominal model

G(z)

Magnitude (dB)

Phase (deg)

F'req uency (rad/sec) 7.

x(k+ 1) = Ax(k) + Bu(k)
y(k) = Cx(k)



Magnitude (dB)

Phase (deg)
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Example: Frequency State Weight Q(jw)

x(k+ 1) = Ax(k) + Bu(k)
y(k) = Cz(k)

\ we want zero steady state (i.e. dc)
error under a step input

m=) Set position cost function weight
togoto ®as® — O

Ffeq uency (rad/sec) .

Example

1 2
ejw—l‘

Set weight on |Y (¢/*)|? to |
Q(e!?)

® X)o7 | L] ox(e)

Y*(edw) Y (ed*)
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Example: Frequency State Weight Q(jw)

x(k+ 1) = Ax(k) + Bu(k)
y(k) = Cz(k)

Magnitude (dB)

~_

we want zero steady state (i.e. dc)
error under a step input

Phase (deg)

m=) Set position cost function weight
togoto ®as® — O

Ffeq uency (rad/sec) |

Example

Q}Z(ej“) Qf(e)

X ()T | L] * ex (1) = x*(e1)OT () OX (e7)

A\ 7

eJw— 1)

r )

X;(ejw) Xf(ejW)



Example: Frequency State Weight Q(jw)

X (ejw) , X f (ej “)  state space realization
> Jw
Qf(e ) z1(k+ 1) = A121(k) + Biz(k)
z (k) = Cy121(k) + D1x(k)

Example

Xi(elW) = 1 —CX (&)

eJw—1

state space realization

z1(k+1) = 121(k) + Cx(k)
1 1

Al B1

Qf( ) z—lC E> a;f(k)=1zl(k)‘|‘037(k)

\~ Ch Dy
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Example: Hard Disk Drive
= [ {XH(E)QUI)X () + pU (7Y U ()} du

—TT
Apply control design Weights: Q(e/%) = ¥ ‘3%1‘2 C
to nominal model ©
p =10
FS-LOQR is a dynamic
state feedback
0 Ul(z) X (2
rO— 1+ A(2) | B P{P(2) K(z) S
+
‘ GO(Z)
Sufficient condition for robustness
by small gain theorem) :
(by g ) GO(Z)

7)< s 1) = 1 6ot
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Example: Hard Disk Drive
= [ {XH(E)QUI)X () + pU (7Y U ()} du

—Tr
Z . Nl 12
i A bl T b RS  Weights: Q(e) = 7 | 7| C
| ) Go() ] p=10°
T(z) = o)
1 4+ Go(2)

sufficient condition for robustness
(by small gain theorem)

g 1
T(e7%)] < A ()]

Magnitude (dB)

potential
lack of robustness

#;équency (radfsec)_ )



Example: Frequency Control Weight R(jw)
J = /_ 7; [X*()Q) X (%) + pU* (/) R(e/)U (¢7%) } duv
W_/
Increase control penalty
at high-frequencies

1

Example ol s
i 60
35+ ;
; 50
30
| = 40f
| o |
2% 8 30
8. 2
nn | c 2
:‘g :;f:ai . g, 2'}
g) E : = 10
(O ﬁ;‘f‘]':_ i *
s 19
: 0
10 — ;
E - 10
5 ' |
ol : 10° 10° 10
10 10° Frequency (rad/sec)

Frequency (rad/sec)



-

— 7T

Example: Frequency Control Weight R(jw)

7

Example

(XH(E)QEN) X (1) + pU™ (P R(F)U () } duw

\ . S

R(eI¥)

20

U;(eijUf(ejw)
N 52 + 2Cwns + w,,%
hy(s) = a232 + 25(@571)3 + (auwn)?
oa=2.5
_ _ (=1.5
| Dl_scretlze wr = 7500
using ZOH F =06

Us(el?)

N Ry (z)
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Example: Frequency Control Weight R(jw)

= [T {XH(EDQENX () + pU () R(M)U (1) } du

0 Uz X(2)

Exam ple re 1+ A(z) | B po(z) p—> K(z) >
“D | ) G;Ez)
i R(e?) B

Frequency (rad/sec ) %

[F}

Jwy — I 1 2 E
p = 106

Robustness condition
IS satisfied

[T K

~ -

Frequency (rad/sec) -A



Cost Function Realization

= [ {xX()Q)x ()
+ U*(ejw)R(ejw)U(ejw)} dw
J = /_ :{X;?(ejw)Xf(ejw) + U ()} duw

=Y {x}? (k)z (k) + uf (k)fu,f(k)}
k=0

22



Cost Function Realization

©.@)

= {x‘}i (k)z (k) + uf (k)uf(k)}

k=0
where

X (eI¥)

Qf(ev)

<

Xf(ejw)
—

state space realization

z1(k+ 1) = A121(k) + Bix(k)

xr(k) = Cr21(k) + D1z(k)

\

U(el%)

—

Rf(ejw)

[l

23

Us(el?)

state space realization
zo(k 4+ 1) = Azzo(k) + Bou(k)

ur(k) = Cozo(k) + Dou(k)
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Cost Function Realization

©.@)

J =Y {at &)z p(k) + vt (k)usk) ]
k=0
z1(k+ 1) = A121(k) + Brx(k) z2o(k + 1) = As2o(k) + Bou(k)
z (k) = C121(k) + D1z(k) ur(k) = Cozo(k) + Dou(k)

Plus: LB(/C + 1) — Aaz(k) -+ Bu(k)

(k)"

define extended state  we(k) = |21(k)
20(k)
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Cost Function Realization

©.@)

= {a;‘}? (k)z (k) + uf (k)uf(k)}
k=0

We can combine state equations and output as follows:

(k4 1) A 0 O] [z(k)] [B]
z1(k+1)| = |B1 A1 O | |21(k)| + | O | u(k)
zo(k+ 1) 0 0 A |z2(k)] B>

[xf(k)} _ [Dl Cl O} -x(k)_

up(k) 0 0 O 283 +[D2} u(k)




Extended System Dynamics

z(k+1)] A 0 O] [x(k)]
z1(k+1)| = |B1 A1 0| |z1(k)

zo(k+ 1) 0 O 142_ 2o(k) |

\ Y ) - ~ LY_I LY_I
xe(k + 1) Ae :Ue(k)

xe(k

1) = Acxe(k)

_I_

5"

O

Be

26

w(k)

Beu(k)
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Extended System Cost

— gz:o {x}”(k)x (k) + uf (k)uf(k)}

) (k)
[f('“)} = [Dl “1 O} 21 () +[§J u(k)

2o(k) |
— Y
Ce xe(k) De

the cost can be expressed
( T

_ — xe(k)_ CeT
I= 2 {u(k)_ DT u(k)

7\




FSLQR problem statement

Minimize
4 T )
__ — ze(k) CeT ze(k)
S = g::o< {u(k) DT Ce Del {u(k)} >
Subject to

Te(k + 1) = Acze(k) + Beu(k)

This is a standard LQR problem!
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FSLQR solution

The optimal control law Is

/U,O(lf) — _Kexe(k)
K. = [B!'PB.+ D!'D.]71[BI'PA. + DI C,]

where P Is the solution of the DARE

P=Al'PA.+Cclc,
—1A'PB. + cI'D.[B PB. + DI'D.] ' [B PA. + DI C,]

for which Ae — BeKe is Schur



FSLQOQR existence

The optimal control law exists If

* (A., B,) stabilizable

« The state-space realization C(zl-A.) 1B, + D,
has no transmission zeros on the unit circle

30
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Sufficient conditions for FSLQR

The optimal control law exists if the following hold:
1. (A,B) is stabilizable

2. Q:;and R; are stable (i.e. A; and A, are Schur)

3.  nullity [AQC_ A gQ — 0 whenever [A|=1

2 2

_ det(A—XI) =0
4. nullity [Alcl M gi] = 0 whenever A =1

(You will be asked to show this for homework)



Remarks on existence conditions

Condition 3 from the existence conditions:

nullity [AQCT A 15)2] — o Whenever |\ =1
2 2

IS equivalent to the condition that

The state space realization for R; has no transmission
zeros on the unit circle

(This is because D3 D5 = 0)

32
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Remarks on existence conditions

Condition 4 from the existence conditions

det(A— M) =0

nullity [Al — Al Bl] — 0 Wwhenever A=1

C1 D+

IS a stronger version of the condition that

None of the unit circle eigenvalues of A are
transmission zeros of the state space realization for Q;

(The latter is not enough for FSLQR existence)



Implementation

e Control

u(k) = —Kexe(k)

_x(k)_
:—{Km Kl KQ] Zl(k)

2o(k)

= —Kgx(k) — K121(k) — Koz2(k)



Block Diagram

P(z2)

U
Do [«
Uy +l 22 ‘
O—|Co Do (2) ] B[t
Ko™
Dy |,
Xf +l 141
4—@1— 14 ¢1(Z)<—Bl<
Kl‘

35



Equivalent Block Diagram

K(z) = [I + Ka®2(2)Bo] + [Ke + K1$1(2)B1]

36
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State-space realization for K(z)
u(k) = —Kgx(k) — K121(k) — Ko22(k)
z1(k+1) = A121(k) + Biz(k)

zo(k + 1) = Aozo(k) + Bou(k)

= Apzo(k) + Bo(—Kzx(k) — K121(k) — Kozo(k))

lzl(k‘l' 1)] — [ Al 0 ] [Zl(k)] + Bl CC(]C)
zo(k+ 1) —ByK1 Ap — ByKo| |22(k) —Bo Ky

—u(k) = |[K1 K> [283] + Kz (k)




FSLQR with reference input

« For simplicity, we will assume a scalar output

y(k) = Cx(k) yer

« Assume that we want to design a FSLQOR that
will achieve asymptotic output convergence to

a reference input

e(k) = r(k) —y(k)

lim e(k) =0

k— 00

38
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FSLQR with reference input

—+>Q—> K, (z2) +>T >

B

(=)

X (2) Y (2)

K(z)[

oy ( >

« Assume that the referenceinput R satisfies

R

r(2)

0

>

where AT(Z) has its zeros on the unit circle



40

Reference input examples
a) Constant disturbance:
r(k+1) =r(k)
Then,

AAT(Z) —z—1

b) Sinusoidal reference of known frequency:

r(k) =D sin(w k + ¢)
Then,

Ar(z2) =22 —2cos(w)z+1
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Reference input examples

c) Periodic reference of known period N

r(k+ N) =r(k)

Then,

Ar(2) =2 -1

In all of these three examples, the polynomial A,.(z)
has its zeros on the unit circle.




FSLQR with reference input

* Define the reference frequency weight

Qr(e’) = Qr(e?)Qr(e?)

where Bo(2) e— We can choose this
' This Iis determined by
the reference we are
trying to follow
R ~ 0

o A-(2) .

42



Frequency-Shaped Cost Function

= [ {x* () x ()
+ U*(ejw)R(ejw)U(ejw)} dw
* with
R(e?¥) = R3(e?*) Ry (1)
Q&) = ST@(ejw)Qr(effw)cijLQ}(ejwm 7(e7)
Y

used for achieving lim e(k) =0
k— 00

(we will show why later)

43
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Frequency-Shaped Cost Function

Define the state,

Input, and output filters

X (e?v) — | Xs(e) |
»1Q ¢ (e!?) > CX(elv)
state filter Y (el¥) | Y- (/)
> Qr(e?) >
U (e3¢ U () %(—/
>|Rs(e7%) S output filter

=

iInput filter
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Frequency-Shaped Cost Function

7 = /_7;- {X*(ejw)CTQ;I:(ejw)Qr(ejw)CX(ejw)
+ X" () Q) Qs () X ()
+U* ()R () Rp(7)U (%) } dw

can be written

— /_: {2 ()Yr() + XF() X (1) + UF (&)U (1) } duw
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Realizing the filters using LTI's
Let

X (eI%) | Xf(ejw)
| Q7 (e?) -

be realized by
z21(k+ 1) = A121(k) + Biz(k)

rr(k) = C121(k) + D1z (k)
so that
Qf(z) = C1(zI — A1)~ By + Dy

IS causal or strictly causal.



Realizing the filters using LTI's
Let

U(eI) Us(el)
> Rf(ejw) >

be realized by
zo(k + 1) = Apzo(k) + Bou(k)
ur(k) = Cozo(k) + Dou(k)

(with D3 Do = 0) so that
Rf(z) = Co(zl — A2) 1By + D>

IS causal (but not strictly causal)



Realizing the filters using LTI's

Let
Y(ejw)

be realized by

>

Qr(ejw)

Yy (el%)

>

zr(k+1) = Arzr(k) + Bry(k)

yr(k) = Crzr(k) + Dry(k)

so that

B(2)

Qr(2) = Cr(2I — A) 1B+ Dy =

IS causal or strictly causal.

48



Using Parseval’s theorem,

Cost Function Realization

49

J= 3 {uf ®yr(k) +af (R p(k) + uf (k)yus(k) }
k=0

where,

z(k+1) ]

Zfr(k |
z1(k

- 1)
- 1)

2o (k

_yr

z (k)
up (k).

- 1)

(k)

A 0O O O
B,C A 0 O
B 0 Ay O
0 0O 0 Aj]
D,C Cr 0 O
Dy 0 C;1 O
0 0 0 (7]

1 [ z(k)

()
z2r(k)
z1(k)

B
O
O

20(k)

Zr(k)
z1(k)

zo(k) |

B

2

9
O

Do

uw(k)

uw(k)
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Extended System Dynamics

2(k+1)] [ A 0 0 01[z(*)] [B]
w(k+1)|  |BC A 0 0] |z(k) 0
qk+)| =By 0 A; o]z 0 u(k)
zo(k+1) 0 0 O Al |20(k)| [B2o
—— O v N
re(k+ 1) Ae Te(k) Be

Te(k + 1) = Acze(k) + Beu(k)




o1

N Extended System Cost
J =3 {uf ®yr (k) +af (R p(k) + uf (k)yus(k) }

k=0
Using ] ]
yr(k)] [D:C C O O :((’Z)) 0
azf(k) — D1 O Cl O Z:(k) —|— O u(k)
up(®)] [ 0 0 0 Cof |7 03 [D2
—
C@ xe(k') D€
the cost can be expressed
( _T 3
_ o~ xe(k) CeT we(k)
J= ];::O i {u(k)_ DT Ce D| {u(k)}j




FSLQR with reference input

Minimize
4 T )
__ — ze(k) CeT ze(k)
S = g::o< {u(k) DT Ce Del {u(k)} >
Subject to

Te(k + 1) = Acze(k) + Beu(k)

This is a standard LQR problem!
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Solution
The optimal control law Is

/U,O(lf) — _Kexe(k)
K. = [B!'PB.+ D!'D.]71[BI'PA. + DI C,]

where P Is the solution of the DARE

P=Al'PA.+Cclc,
—1A'PB. + cI'D.[B PB. + DI'D.] ' [B PA. + DI C,]

for which Ae — BeKe is Schur



Existence

The optimal control law exists If

* (A., B,) stabilizable

« The state-space realization C(zl-A.) 1B, + D,
has no transmission zeros on the unit circle

o4
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Sufficient conditions for FSLQR

The optimal control law exists if the following hold:
1. (A,B) is stabilizable

2. Q:;and R; are stable (i.e. A; and A, are Schur)

As — X Bo

— 0 Whenever (A =1
o, =0 Al

3. nullity[

B det(A—- A1) =0
4. nullity [A101M gi] — 0 whenever {A 4
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Sufficient conditions for FSLQR

The optimal control law exists if the following hold:
5. (A,B)) Is stabilizable

6. (C,A) has no unobservable modes on the unit circle

7. nullity([A_O)\I g’)

T det(A, — A\I) =0
= 0 whenever
Al > 1



Remarks on existence conditions

Conditions 1-4 are the same as for the FSLOR
without a reference input

Conditions 5-6 are met if the realization of Q, is
minimal

Condition 7 is a stronger version of the condition
that none of the unit circle or unstable eigenvalues
of A, are transmission zeros of C(zI-A)B, the open-
loop relationship between u and y

— The condition here Is not enough to guarantee
FSLQR existence for reference tracking

o7
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Implementation

e Control

u(k) — —Keme(k)

:—[Ka; Kr Ky KQ}

= —Kgx(k) — Krzr(k) — K121(k) — Kozo(k)



Block Diagram

O B L eeX
+ D2

Ur| —z \

—0O— O2 2 oo(2) | Bo
9 K2 Dy

+l C Al
Xf'_O'_ 1 ®1(z)] B1
- Ky
+O; Kaf
= :
1Y R
—( )— Cfr < D, (2) By O

59
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FSLQR with reference input — Block Diagram

SISO
Re By v+ U  — X
5T cm*é?*OL J eVl
Oa(2) |
i Cr(z)—

where

Ci1(z) = Kz + K1P1(2) B Co(z) = Ko®y(2)B>

Cr(2) = Krbp(2) B, =r<z>



FSLQR with reference input — Block Diagram

R E =15 Y

+’T "| A,.(2)A(2) >

The closed-loop dynamics from R to E will be

1 Ar(2)A'(2)
Gpr(z) = B = T
(2) / !
Aeae AR+ B
R [ 0 A'(2) 5 =0
— A G T aG) + B )
N y,

v
stable

61



Course Outline

Unit O: Probability

Unit 1. State-space control,estimation

62

Finished

L

Unit 2: Input/output control

Unit 3: Adaptive control



What we covered in Unit 1

Finite-horizon results

« Kalman filter

« Optimal LOQR

 Optimal LQG
— state feedback
— output feedback

Infinite-horizon results

Optimal LOR

Kalman filter

Optimal LQG
— output feedback

Frequency-shaped LOR

63
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What we are skipping in Unit 1

« Continuous-time versions of:
— Kalman filter
— Optimal LQG
— Frequency-shaped LOR

 Loop transfer recovery

Slides will be posted for reference
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What we will cover in Unit 2

A collection of SISO input/output control design
techniques

 Disturbance observer

* Pole placement, disturbance rejection, and
tracking control

« Repetitive control and the internal model
principle
« Minimum variance regulators



