ME 233 Advanced Control |l
Continuous-time results 5

Frequency-Shaped
Linear Quadratic Regulator

(ME233 Class Notes pp.FSLQ1-FSLQ5)



Outline

« Parseval’'s theorem

* Frequency shaped LOQR cost function

* Implementation



Infinite Horizon LQR

nth order LTI system:
z(t) = Az(t) + Bu(t) 2(0) = z,

Find the optimal control:
u(t) = —Kxz(t)
which minimizes the cost functional:
J = 1 /OO {:ETQx —I—puTRu} dt
2 J0

=Ql' ~o0 R=R'>0 p>0



Parseval’'s theorem

Let f(?) :[0,00) = R"

* Its (symmetric) Fourier transform is defined by

FGw) = FUW) =—= [ Je
and
) = 2 [ Flw)etivtd,



Parseval’'s theorem

[ T@rwdt = [ FGe)Fe)de

—00 —00

where

F(jw) = F(f(@))

F*(jw) = FT(—jw) (complex conjugate transpose)



| fo @0t = [ F*(jw)F(jw)dw

Proof:
[ 1Tt = f()
. e

4 ) R
— /_OO IO (\/% /_OO F(jw)e_l'jmdw) dt

— /_ O:O (\/127 /_ O:O fT(t)e'I'j“’tdt) F(jw)dw
\§ ~ J

F1(—jw)




Frequency Cost Function
By Parseval’s theorem, the cost functional:

J== /OOO [27(t) Qu(t) + pu” (t) Ru(®)} dt

with z(t) =0 t<0
u(t) =0 t<0

IS equivalent to

=3 [T X @ X G + pU () RUGW)} du

X(jw) = F(x(t)) U(jw) = F(u(t))



Frequency-Shaped Cost Function

Key idea: Make matrices @ and R functions of
frequency

7= o [T X 9) QUe) X ()

+ p U'(jw) R(jw) U(jw)} dw
where

QUjw) = Q5(jw)Qf(jw) = O

R(jw) = R5(jw)Rs(jw) > 0



Frequency-Shaped Cost Function
Define the state and input filters

X(jw)

U(jw)

Xr(jw)
Qr(jw) >
Y
state filter
Ur(jw)
Ry(jw) S
Y

Input filter



Frequency-Shaped Cost Function

J o= S [ {XGw) QUw) X (jw)
Q3 (jw)Qy(jw)

+ p U"(jw) R(jw) U(jw)} dw
R (jw) Ry (jw)

can be written

;o= [ XG0 X, Ge)

+ pUf(jw) Up(jw) | dw

10



11

Realizing the filters using LTI's

X(jw) X r(jw)
" Qr(Jw) >

can be realized by
z21(t) = A121(t) + By z(t)

rp(t) = Crz1(t) + D1x(t)

so that
Qs(s) = C1(sI — A1) By + Dy

IS causal or strictly causal.



Realizing the filters using LTI's

U(jw) Ur(jw)
| Re(jw) S

can be realized by (with Dg Dy > 0)
2o(t) = Az2zo(t) + Bowu(l)

ur(t) = Co2(t) + Dou(l)

so that
R(s) = Ca(sI — Ap) 'Ba+ Dy

Is causal (but not strictly causal).
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Example Hard Disk Drive

Consider a simplified model of a voice coil motor and suspension

Bode Diagram

-50-

-100r

Magnitude (dB)

-150r

G \(s) = G(s) [1 4 A(s)]

\ uncertainty

nominal model

-208

\ actual plant

-180

Phase (degq)

360
0 1

high-frequency resonance
modes are neglected in the

10 10 10°
Frequency (rad/sec)

nominal model G(s) —

10°

10 nominal model

100

s2 4+ 14s 4+ 100



Magnitude (dB)

Phase (deq)
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Example Hard Disk Drive

Bode Diagram

R G =GR+ A
G(JN \ T
‘ _ ] tainty
=G (jw) h uncer
200 "Af"g . nominal model
\ actual plant
0 o Frequencl:f/)z(rad/sec) 10 o nominal model
d
a _ 0 1 P4 1 y
dt —100 —-14 v 100
N——
p (1)
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Example: Frequency State Weight Q(jw)

Bode Diagram

o) (f) _ 0 1 P 4 1 .
Y —100 —14 v 100

2 -100 - 1T S~~~

5 — p t

g 150 y—[l O} v z(t)

L ——

we want zero steady state (i.e. dc)
position

Phase (deq)

180
apob Ll NL —~  mm) Set position cost function weight
10 10 10 10 10
Frequency (rad/sec) to go to 0@ as 0) —> O
Example
1

B Set weight on IPGu)|? to — )
» [l el
V(jw) 0 O V(jw)

Set weight on |V (jw)|? to O \X(}w)* \Q(}fw) ’ X (jw)
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Example: Frequency State Weight Q(jw)

Bode Diagram

) ° | i p| 0 1 P n 1
2 50 \ dt|v) | —100 —14 | v 100 | ¢
2 -100 | T ——
) —_ p x (1)
g 150" 1 Yy = { 1 0O } v
_208~ ——— —— S — Lol
g \ set position weight
7 W togoto®as® — O
[l

-360+=

10° 10" 10° 10°
Frequency (rad/sec)

Example

[ P(jw) ] [ 5 0 ] [ P(jw)
V(jw) 0

10"

_[PGo) | [ ]1 0 P(jw)
] —[vuw)] [Jo ][J’w OHVW]

X(Gw)* Qr(jw)* QsGw) X (jw)

Xwa)* szjw)
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Example: Frequency State Weight Q(jw)

X(jw) X (jw) state space realization
| Qr(jw) > 71(t) = Aq2z1(t) + By x(®)
rp(t) = Cpz1(t) + D1x(t)
Example
X(f)=| 5 0]X3Gw)
\Q wa)J state space realization
C d
—#1(t) = 021(t) + 10| a(t)
~— N ~— _
A]_ Bq

Qf(jw)=[ﬁ O] =

wf(t):1z1(t)+[o o} z(t)
ko R

—
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Example Hard Disk Drive
7= o [T 9 QU) X () + U () U i)} de

1
nominal model weights:  Q(jw) = [ w? ]

O O
d|pl| __ 0 1 ply| 1 p~1l6FE —8
dtlv |~ | =100 —14 | | v 100 | ¢
FS-LOR is a dynamic
/ state feedback
+ X(s) U(s)
—(O—{1+ A(s) | B > D) —>|K6) >
I GO(S)
sufficient condition for robustness
G
T(s) = — Gol®) 1
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Example Hard Disk Drive

7= o [T XT9) QU)X () + p U () UGe)} de

. 1
X(s) U(s) weights: . v_ | =0
—+>O—>1+ AGs) | B > @) —>|K6) > J QUjw) = [ “6 0 ]
x Go(s) p~1.6E -8
100 T [ T T IITT
80 N
T(S) — ° N "\ A (i
1 4+ Go(s) 0 N \\’ (o)
—_ \\ .
2 40— il |Go(jw)|]
ED% 20%|T(]w) ! \\ \\\
N\ N\
0 Jﬁ \\\ \! -
| >\,
potential 26 > TN
lack of robustness Nl TN
-40% 1 2 3 4
10 10 10 10 10

Frequency [rad/sec]
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Example: Frequency Control Weight R(jw)
7= [T X G0) Q) X () + pU* () R() U (G)} do

Increase control penalty
at high-frequencies

Example 1

100
35 SN >
N\ go.
30 | \ \\\ “\
Ny
25 | \ 60 i N\ \\\
- — \\
2 20 a 2 40 i
g 15 'S 20f|T(]w)| \ \
@) N \ N\
10 \g . \
0 N \ \ ,
5 .
y, -20 M\
0 ~
10° 10" 10° 10° 10* > O~
Frequency [rad/sec] -40", 1 2 3 4
10 10 10 10 10

Frequency [rad/sec]
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Example: Frequency Control Weight R(jw)

7= [T X G0) Q) X () + pU* () R(jw) U)o

Example

20 R(?C&)) |

10°

Frequency [rad/sec]

R;(jw)

Ur(jw)

10*

Ut (jw)Up(jw)

R(jw) = R(jw) Ry(jw)

Rf(]w) =4

s2 4+ 700s + (500)2
s2 4+ 600s + (1000)2

state space realization

iz _ | —600 -980 | 4 64 |
dt 2T | =100 O 2 0
A ~~ o S——
A2 B>
(S {6.3 —46}z2—|—4u
N -~ Y, S~~~
Cs Do
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Example: Frequency Control Weight R(jw)

7= [T X G0) Q) X () + pU* () R(j) U)o

X(s) U(s)

Example S O—1+ A6 | B 06 —E© >
. \ ' : ~ g
25 \\ — GO(S)
£ i R(7(.0) 100
$ 15 ~ FTTTTT T T T
; B 1
o . L . \\\\\ \\\ ’A(]WN
10 10 Frequenég [rad/sec] 10 10 50 \\\ N . i
) o) \<\ N |GO(J W )|
- 2 0 = '
Qw) = [ w? ] c |T(]~w) \\ N\
00 8 NONO N\
0 N A1~
p~16FE —8 N,
N D\
sufficient robustness TSI
condition is satisfied -50" : e .
10 10 10 10 10

Frequency [rad/sec]



Cost Function Realization

7= [T X G0) Q) X () + pU* (i) R(jw) U )} deo
IS equivalent to

J = %/OO {az?(t)xf(t) + pu?(t) uf(t)} dt

23



J =

Cost Function Realization

1
2

we know that, /

X(jw)

—

Qr(jw)

<

X(jw)

—

state space realization

z1(t) =

A1 z1(t) + By (1)

rp(t) = Cr21(t) + D1x(2)

U(jw)

\

R;(jw)

[l

24

: /OOO {gf @) + pud (@) up(t)} dt

Ur(jw)

—

state space realization

zo(t) =

Ao z2(t) + Bo u(t)

up(t) = Crzo(t) + Dou(t)
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Cost Function Realization

_ Ll ey T
J = 5/0 L@ ap) + pul () up(t)} dt
z21(t) = A121(¢) + Brz(t) z22(t) = Az2o(t) + Bou(t)
rp(t) = Cpz1(t) + D1x(t) up(t) = Cozo(t) + Dou(t)
Plus: x(t) = Axz(t) + Bu(t)
_ () _
define extended state aje(t) = | 21 (t)
- zo(t)
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Cost Function Realization

1

J = —/Ooo{az’-}(t)xf(t) + pul () up(t)} dt

2

We can combine state equations and output as follows:

d_f” _
- z p—
dt | 1

22_ i

|

A
Bq
0

D+
0

0 O
A; O
0 Ap |

C; O
0 Co

X

<1

| <2

<1

| *2

5
+ 1 O U
b2
O
+| , |
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Extended System Dynamics

d_:c A 0 O T B |
— | z1 | = B1 A1 O 21|+ O | w
dt_ZQ_ _O 0 AQ_ 2D _BQ_
—— \ v S\~
Le Ae Le Be
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Extended System Cost
1

J = E/OOO {x?(t)mf(t) + u?f(t) uff(t)} dt

=[5 % ] [3] L]

uff 00 VCa || VPD2
N e e i ——
results in Ce Te De
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Extended System Cost

1 o0
J = 5/O {al CLCeme+2 2l CIDeu 4 ! DIDeul dt
—— —— ——
QG Ne Re
where
- _
0. — g% 8 [Dl C;y O ]
e - 1
o ypeg L0 0 VP
N, gi 8 [ 0 ] 0
e — 1 D Re = | O DL ]
0 yaep | Lvepa] e = Lo VDRI o,




J

Qe

Extended System Cost

_1
2 Jo

where

' DI'pD; DTy
c{D; C{cCq
0 0

0
0
pC3

Co |

o
/ {CE?Q@QE@‘I‘Q CEZN@U

ul Re u} dt

 pC5Ds

p D3 Dy > 0



Extended System LOR

Given the extended dynamics

Te(t) = Aeze(t) + Beu(t)

Find the optimal control:

which minimizes the cost extended functional:

1

o0
J = 5/0 {Cl?ngiUe‘l‘Q QTZN@U —+ uTReu} dt

31
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Extended LQR Solution

Te(t) = Aexe(t) + Beul(t)

1 o0
J = 5/0 {a:'gC’ZC’e:ce—l—Q :UZNeu—l— puTDgDQu} dt
where Qe

T _ | D1 C1 O _ Cq
pD3 D2 =0 Ce = [o 0 \/56’2] _[o 0 /pCs

Then
There exists a

[Ae, Be]  is stabilizable L ¢ J  Stabilizing optimal
control shown in the
next page

[Ae — BeRe_lNeT, Cq] is detectable

— —



Extended LQR Solution

Optimal Control:

where

Ke= R |Bl'Pe+ N[

and

P.Ae + AP+ Qe

— |BI'P. NT}TRgl BlP.+ NI =0

e

33
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Implementation

« Control
uw(t) = —Kexze(t)
)
u(t) = —| K K1 K| | z1(t)
- 2o(t)

u(t) = —Kz(t) — K1 21(t) — Ko 2zo(t)



Block Diagram

U
DQ <
1 42 ‘
O—|Co S Bo[*
K2<_
D1 |
Cq 21

Dd(s)

35



Equivalent Block Diagram

_'O_' B — o) — K(s) >

K(s) = [I + Ko®o(s)Bo] 1 [K + K1®1(s)Bi]



FSLQR with reference input

« For simplicity, lets assume a scalar output
y(t) = Cx(t) yeR

« Assume that we want to design a FSLQOR that
will achieve asymptotic output convergence to

a reference input
e(t) = r(t) —y()

lim e(t) =0

{— 00

37
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FSLQR with reference input

T(S) + E(s) + U(s) X(s) Y(s)
Ig(s)—-T—H A(s) | B = DO(s) | C >
g :
_ K(s) |4—

- Assume that the reference input r(s) satisfies

Br(s)

r(s) =
Ar(s)

« Where A,.(s) has root in the imaginary axis



Reference input examples

« Assumethat r(t) =r,

r(s) = lro )  Ar(s) = s

S

« Assumethat 7(t) = roSin(wyt)

w2

2_|_w

r(s) =

sTo  mmm) Ar(s) = 52

+ wr.

39



FSLQR with reference input

* Define the reference frequency weight

Qr(jw) = Qr(jw)Qr(jw) = 0

* Where
_ Br(s)
CQT(S)-—-er(S)
A, (s) is the denominator of r(s) r(s) =

Byr(s)
Ar(s)

40
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Frequency-Shaped Cost Function

1

= 5 [ X (0) QUw) X ()

+ p U*(jw) R(jw) U(jw)} dw

e With

QUiw) = CTQ(jw)Qr(jw)C + Q5 (jw)Q ¢ (jw)
A\ ~" J
used for achieving tlrgo e(t) =0

41



Frequency-Shaped Cost Function
7= o [T Ge) @G X ()

+ p U*(jw) R(jw) U(jw)} dw

7= 2 [T Ge) Yele) + XfG) Xpe)

0@,

+ pUf(jw) Up(jw) | dw

42



Realizing the filters using LTI's

Y (jw) Yr(jw)
" Qr(jw) g

can be realized by

zr(t) = Arzr(t) + Bry(t)

zr(t) = Crzr(t) + Dry(t)
such that

Qr(s) = Cr(sl — A)) 1B, + D, = Br(s)

//////w4r(3)

denominator of r(s)

43
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Realizing the filters using LTI's

X(jw)

>

can be realized by

z1(t) =

rp(t) =

such that

Xi(jw)

Qr(jw)

A1 2z1(t) + By x(t)

C1 z1(t) + D1 z(t)

Q(s) = C1(sI — A1) "*B1 + Dy
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Realizing the filters using LTI's

U(jw)

can be realized by

zo(t) =

up(t) =

such that

Re(jw)

Ur(jw)

>

Ao zo(t) + Bou(t)

Co zo(t) + Do u(t)

R(s) = Ca(sI — Ap) 'Bo+ Dy



Cost Function Realization

7= [T O w® + @

2

where,
~»1 [ A O 0 0]
d Z,r. . B’)"C A'r O O
22 | O O O A2 |
"y | | DC Cr O 0O |
Zl?f — D]_ 0] C]_ O
Uf | O O O CQ 1

46

+ put(t) ufu)} dt

I

r
<1

_|_

B
O
O
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Extended System Dynamics

A O O 0 | T - B
BC A, O 0 2r + 0
B1 0 A7 O Z1 0 v
0 O 0O A ] zo | I 1575 ]
~ 7 N~
Ae Le Be
— Ae xe(t) Be U(t)




Extended System Cost

1

0
J = _/ {2 Qewe +2 &l New + uT Rew) dt
2 J—o0

- cTpl DT o

 D,C C, O O
T r T
Qe = % C(')T 8 D]_ 0 C]_ O
1 - 0 0 0 /pCs
O O \/ﬁCQ | B -
0
Ne = 0 Re = pD3D2
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Extended LQR Solution

Te(t) = Aexe(t) + Beul(t)

1 o0
J = 5/0 {a:'gC’ZC’e:ce—l—Q :UZNeu—l— puTDgDQu} dt
where Qe

Then
There exists a

[Ae, Be]  is stabilizable L ¢ J  Stabilizing optimal
control shown in the
next page

[Ae — BeRe_lNeT, Cq] is detectable

— —



Extended LQR Solution

Optimal Control Gain:
Ke=R.' |BlP. + N!]

where

P.Ae + AL P 4+ Qe
T T -1 [T T
— |BIP.+ N!|" R Bl P.+ NI| =0

and

Kez[K K, K1 KQ]

50



Block Diagram

o1

:(“) . B . P(s) X
+ D, |+
Ur Z |
‘_Cl)_ CQ 2 ®o(s)y—| Bof*
o K> Dy
+l Zq
Xf‘_O'_ C1 P (s) b1
- Ky
O= K =
= :
Y
4_C)<__ Cr - Dr(s) By |« ~ O T(S)
+1 —. |
T



FSLQR with reference input — Block Diagram

T FE + + U X Y
Q | Cr(s)— 0 T\ —| | P(s)B 1 C
Ca(s) |
C1(s)|—
where
Cr(s) = Ky ®,(s)Br Cr(s) = Ko®o(s)B»

C1(s) = K+ K1¥1(s)B1



T

" Cr(s)

Block Diagram

| |\

(72(8)*"J

" d(s)B

C1(s)|—

Remember that the poles of Cr(s) are A,(S) ,and

r(s) =

Br(s)

Ar(s)

53
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T FE + o+ U X Y

D () :OL —| | P(s)B
Ca(s) |

C1(s)|—

The close loop dynamics from r(s) to E(s) will be
of the form
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T E + U X \%
Y Cr () C :OL 1 e)B T LY T
Ca(s) |
C1(8)|+—
Therefore, since A_(s) is Hurwitz,
Bu(9)Bi(s) MR =0
E(s) = —=< >
Ac(s) im e(t) =0

{— 00



Magnitude (dB)

Example Hard Disk Drive

7= [T GG Y (9) + put ) R(w)ulie)} de

Phase (deg)

) T : Cost weights:
50 : | % \
Y —
-100+- G(jw) | . _ ]. \\
150F | Y N QT(]UJ) o E : R( 'w)
- GA(;]LL)) > i j
e 10" 10° 8 10° 10"
180+ \ ! Frequency [rad/sec]
) oo,
| r(s) = — reference input
-360-
10° 10" 10° 10° 10" S
Frequency (rad/sec)
T +~\ E(s) + + Uls) X(s) V(s)
'Q/ > C. )= )—> 1+ A(s)»| B | D) »| C >
— ‘ _ _
CQ(SJ.J

Gy (s) | t—




o7
Example Hard Disk Drive — Robustness Analysis

7= [T GG Y (9) + put ) R(w)ulie)} de

) FOE(®s) U(s) B A X(s) V(s)

+ +
—-O—»q,(s)_p — > ®> B (| D) > C >
_‘ _ _
O_)(s)‘.J

_ C(s) | t—vd

A(s S < <
Gol) = iy = Gule) = [T AL DD
_ Go(s)
T(s) = T Gu(o)




Magnitude (dB)

Phase (deg)

Example Hard Disk Drive

Bode Diagram

F F
0 1 1 i
} i +  E(s) Ufs) B ‘1 X(s) s
-50F G( w) E\ . r'/_)._o_> (,;_(s)_+, _:: &> B |- Op) ‘ c o
-100F j | i i T ) Go(s) |
-150}- GA (jw) > N L Cy(s) |«
_208 \t
-1801 1 30, \ \
L QG =5
-360- ‘t w 2 R( Jw
10° 10" 10° 10° 10* g1 v
Frequency (rad/sec) 1 6E 8 10
p % . - 5
/
Step Response i 101Frequ égz[rad/sec]lo 10°
14 T .
100\\ FTTTITF i T i’
1.2 y ( t ) \‘\..( |
N N ' |
N |
T I T \‘\\ \\\| A (']w) i
50 N ~ (-
S g o \i \ ‘Go (]w
B | TGWIND
0.6 ‘T 4 \ L
< & . N \,\\ \i\ |
0.4+ . T~ :y‘
r(t) = 1(¢)
0.2+ . \
W
il
O0 002 004 006 008 01 012 014 0% L 2 | 3 4
: - : - : - : 10 10 10 10 10
Time (sec) Frequency [rad/sec]
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7= [T )G Y () + put () RGu(ie)} de




FSLQR with reference input — State Estimation

+ E + + U
T:(“) >

Cr(s)—'Q—’Q

-t L
C2(s)

_

> P(s)B

X;

C1(8)—

Y

. —

Assume that :
« state x(t) is not measurable
« only output y(t) is available

—>

Use state observer

59



FSLQR with reference input — State Estimation

,r * e + + Uls) X(s) Y(s)
’O > C.5) > > |1+ A(s)»| B | D) —n| C
-— ‘ _ _
02(8)‘. \

X(s) State -—
C(s)|¢——— Observer |«

Robustness analysis:

T+ o . " s BA (s) ¥(s)
— —>{ C () —> » @& B D) —»| C >
3 i i
CQ(S)-‘J
X(s) | state —
C(s) |t QObserver |«




T“Ij El(s)

I 3
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Loop Transfer Recovery

CI, (s

+ + Uls) B A X(s) Y(s)

- A

) _._O—p- J > o B D(s)

Co(s)

X(s) | state <
Ci(s)|= Observer |=

Assumethat G(s) = C®P(s)B is square and has no unstable zeros

observer
gain

observer: d at

—

—

p—

dii(t) = Az(t)+ Bu(t) + Ly(t)

i) = y®) - )

1 _
L=-M,C'N'N=NT"w0 p>o0
7}
1
AM, + MuAY + BB — M0t NTleMm, =0
I



Loop Transfer Recovery
Assumethat G(s) = C®(s)B is square and has no unstable zeros

Y(s)

Make it approximate

p—0

T+ =z . + v BA (s)
—D()—b C () |—- —bCﬁ > o B D(s) >
|
@(s),J
J/i}(S) State <
Ci(s) = Observer |«
L=2m,0T N2 N=NT+o0 >0 : N
po - : (point-wise in s)
1
AM, + M,AT + BB — M, cT'N"loM, =0
1
rr)-l_ E(s) + + Uls) B A A(s) Y(s)
— —>| Co)}—> —p(ﬁ > @& B || O© >
-3
Cg(s),J

Gi(s)
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Magnitude (dB)

Phase (deg)
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Example Hard Disk Drive

- % /_OO {Y*(jw)Qr(jw) Y (jw) + pu*(jw) R(jw)u(jw)} dw

Bode Diagram

,u decreasmg .

Go(s) =

B(s)
45

target ﬁ

0 * i i
: i r'l_ E(s) A Xts) ¥(s)
o — o [
o GGw) — | T T
-150+ A(jw) 3> N E_‘ s (S)tt
-209 :
-180F w) == — ~ 16E_8 - Il N
W @r(jw) BL: P s L RGw) I
-36(1)60 10" 10° 10° 10*
Frequency (rad/sec) i : ) v i
Bode Diagram . % Eroquency ladisee
100 e T
m 50 target |
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