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Continuous time results 2

Kalman filters

(ME233 Class Notes pp.KF7-KF10)
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Stochastic state model

Consider the following nth order LTI system with
stochastic input and measurement noise:

Az(t) + Bu(t) + Bww(?)

d
ax(t)

y(t)

Where:
u(t) deterministic (known) input

Cx(t) + v(t)

w(t) Gaussian, white noise, zero mean, input noise

U(t) Gaussian, white noise, zero mean, meas. noise

x(O) Gaussian



Assumptions

Initial conditions:
E{z(0)} =20 E{2°(0)z°" (0)} = X,

Noise properties (in addition to Gaussian),:
E{w(t+m)w' (1)} = W(t) 5(7)
E{v(t+ v’ (1)} = V() 5(7)

E{w(+ vl ()} =0
E{z°(0)w’ (1)} =0  E{z°(0)v" (1)} =0



Conditional estimation

e Conditional state estimate
Yi = {y(7)} T € [0,1]

z(t) = E{z(1)|Y:}
 Conditional state estimation error covariance
M(t) = E{#()z" (1)}

7(t) = z(t) — 2(¢)



CT Kalman Filter

Kalman filter:

S5 = AR+ Bu(t) + L) (1)
1) = y(t) - Ca) 7(0) = o
W here:
L) =mctv?

d
aM(t) AM + MAY + B,WBL — mctv—tcm

M) = X,



Steady State KF

Theorem:
1) |If the pair (C, A) is observable (or detectable):
The solution of the Riccati differential equation

d
aM(t) = AM + MA" + B,2WBL — mc'v-icm

M(0) =0

Converges to a stationary solution, which satisfies the
Algebraic Riccati Equation (ARE):

AM + MAY = - B ,WBL + Mc'v—icm



Steady State KF

Theorem:
2) Ifin addition to 1) the pair (A,B’,) is controllable (stabilizable), where

/ /
B,, B,! = Bu,WB.
The solution of the Algebraic Riccati Equation (ARE):
AM + MAY = -B,WBL + Mc'v—icm

IS unique, positive definite (semi-definite) , and the close loop observer
matrix

AC:A—LC

IS Hurwitz.
L=Mcty—1



Steady State Kalman Filter

Theorem:

3) Under stationary noise and the conditions in 1) and 2),
The observer residual

y(t) = y(t) —Cz(t)
of the KF:

d

af(t) = Az(t)+ Bu(t) + Ly(t)

becomes white

E{jt+ )i ()} = V(r)




KF as a innovations (whitening) filter
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LOR duality
Cost:

J = a;T(tf) Qfx(tf) —I—/Otf {:UTCgC’Q:U—I—uTRu} dt

w(t) = —K(t)z(t)

W here:

K@) = R 'B'P

d
—gp(t)

ATP—|—PA—|-CgCQ _PBRIB!'P

P(tf) = S
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Kalman Filter & LQR Duality

Comparing ARE’s and feedback gains, we obtain the following
duality

duality>

LOR KF

P M

A AT

B CT

R %4

CQT B’ =B,W 1/2

K LT
(A-BK) (A-LC)T
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KF return difference equality

V(s)
W(s) * l Y(s) + Y(5)
——| cDE)B, —() -
VAN
\ -~ , I Y(s)

Go(s)

[[ 4 Go(8)] VI + Go(—9)]! =V + Gu(s) WGL(—5s)
()

Nz~(s
7 Aga(m) = E {5t + 15" (0



V(s)
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KF root locus for SISO Systems

W(s)

C (D(S)Bw

—

* l Y(s) + Y(s)

7

N~

Guw(s)

[1 4+ Go(s)] =

e
Y
© CPd()L

\ 4

Go(s)
1+ CP(s)L]

det(sI — A+ LO)

-

det(sl — A)

C(s) <= roots are Kalman filter poles

A(s) <= rootsare plant poles
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KF symmetric root locus for SISO Systems

C(—s)C(s) I P Bw(—s)Buw(s)
A(—3)A(s) T A(=8)A(s)

C(s) det(sI — A+ LC) <= rootsare Kalman filter poles
A(s) - det(sl — A) === roots are plant poles
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KF Loop gain and phase margins (SISO)

Consider the closed loop sensitive transfer function

~

Y(i;O Y (s) »
AR
T ol
R (O 1

W
114+ Go(jw)|? =1+ VleUw)lQ



KF Loop phase margins (SISO)
Y(s)* Y (s)

— O ’

Y (s)

Co(s)L |-

A\ . 4

Go(z)

since, |(1+ Go(e?“))| > 1

The phase margin of Go(ejw) IS greater than or equal
to 60 degrees.



KF Loop gain margins (SISO)

Y(s)* Y (s)
_->© >
Y (s)
CP(s)Ly|-
R
Estimator was designed for 7Y — 1

Estimator is guaranteed to remain asymptotically stable for

1
— v <0
> Y



SISO ARMAX stochastic models

SISO ARMAX model:

A(8)Y(s) = B(s)U(s) + C(s) Y (s)

C(s)

det{(sI — A+ LC)} =0 (Hurwitz)

A(s) = det{(sI—A)} =0

g(t) Kalman filter innovations (residual)
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SISO ARMAX stochastic models

Y(s) =

one random
white noise

B(s)

A(s) U(s)

C(s) ~ )

A(s)

Input

C(s)
A(s)

—O

B(s)
A(s)

Y(s)




Outline

— Continuous time Kalman Filter
— LQ-KF duality
— KF return difference equality

e symmetric root locus

— ARMAX models

Additional material:

 Derivation of continuous time Kalman Filter

21
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Derivation of the CT Kalman Filter

Approximate the CT state estimation problem by a
DT state estimation problem .

Obtain the DT Kalman filter for the DT state
estimation problem.

Obtain the CT Kalman filter from the DT Kalman
filter by taking the limit as the sampling time
approaches to zero.



CT Kalman Filter

Consider the following nth order LTI system with
stochastic input and measurement noise:

%x(t) Ax(t) + Bu(t) + By w(t)
y(t)

Where:
. u(t) deterministic input

Cax(t) + v(t)

. w(t) Gaussian, white noise, zero mean, input noise

. U(t) Gaussian, white noise, zero mean, meas. noise
. x(O) Gaussian
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Derivation of the CT Kalman Filter

Approximate the CT state estimation problem by a
DT state estimation problem .

Obtain the DT Kalman filter for the DT state
estimation problem.

Obtain the CT Kalman filter from the DT Kalman
filter by taking the limit as the sampling time
approaches to zero.



Derivation of the CT Kalman Filter

1. Approximate the CT state estimation problem by a
DT state estimation problem :

« State and output equations:

r(k+1) = [I+ AtA]x(k)+ BAL u(k) + Bw At w(k)
Xd Bg B g

y(k) ~ Cua(k)+ v(k)

k+1)At k+1)At
w(k)%—/k( LA v(k)%i/]; A (Dt

At At JEAt
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Derivation of the CT Kalman Filter

Covariances (from pages 48-52 in random process
lecture 8):

N (ks 1) = Wy(k) 6(1)

1

Wai(k) = —WI(k
a(k) ~ (k)
_ 1 (k+1)At
W(k) = —/ W (t)dt
At JkAt
Notice that:

Aimy = =W
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Derivation of the CT Kalman Filter

Covariances:

Ny (ks 1) = Vy(k) 6(1)

1 _
Vilk) = —VI(k
1(k) N (k)
_ 1 (k4+1)At
V(ik) = —/ V(t)dt
(k) At JEAL (£)
Notice that:

Aimy =V =0
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Derivation of the CT Kalman Filter

2. Obtain the DT Kalman filter for the DT state
estimation problem.

P(k+1) = Aga°(k) + Bgu(k) + La(k) §°(k)

gy (k) = y(k) — Cz°(k)

La(k) = AgM@E)CT [CME)CT 4+ V()|

M(k+1) = AgM(k)AT + By, Wy(k)BT,

— AM(R)CT [CM(R)CT 4 Vy(k)| CM (k) AT
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Derivation of the CT Kalman Filter
3) Obtain the CT Kalman filter from the DT Kalman filter.

State Equation:

°(k+1) = Ag2°(k) + Bgu(k) + Lg(k) 5°(k)

#(k+1) = [T+ AtA]7°(k) + BAL u(k) + La(k) 7°(k)
Ay By

79k 4+ 1) — z°(k)

< — Az°(k) + Bu(k)

o La(R) 7°(R)



Derivation of the CT Kalman Filter

Taking limit as At — O

dA —_— —~
—2(t) = Az(t) + Bu(?)

T AIm Ait La(k)} (1)

y(t) = y@)—Cz()

AI%TO{A% La(k)} = L(t) = M) V()™
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Derivation of the CT Kalman Filter

Kalman filter gain

La(k) = AgMHB)CT [0 MECT +Va(k)] ™

La(k) = (1+AtA) M(K)CT [c M(k)CT + Ait\‘/(/@] -

Lak) = At + &) MECT [AC MEWCT +T®)]

im {— Ly(k)}

L(t
At—0 At ( )

M(H)CTV ()~
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Derivation of the CT Kalman Filter

Riccati equation

M(k+1) = AgM (k)AL + By, Wa(k)BE,

— AMR)CT [OM(R)CT + Vy(k)| " CM (k) AT

Subtracting M (k) from both sides and dividing by At

Mk 4+ 1) — M(k)
At

= AM (k) + M(K)AT 4+ AtAM (k) AT
+ BuW (k)BL — M(k)CT [AtCM(k)CT + V(k)} oMk

—At AMR)CT [AtCMER)CT 4+ T (k)| CM (k) AT
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Derivation of the CT Kalman Filter
Taking At — O

Mk 4+ 1) — M(k)

i~ = AM (k) + M(K)AT 4+ AtAM (k) AT

+ BuW (k)BL — M(k)CT [AtCM(k)CT + V(k)} oMk

—At AMK)CT [AtCMER)CT + T (k)| CM (k) AT

we obtain

%M(t) — AM(t) + M) AT + BuW ()BT

— M@ ctv—tweMm@)



